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The transfer of spin between photons and localized atomic levels, for a chain of two-level atoms, is
studied. The Hamiltonian of the system is modelled by a radiation term and by atom–atom and radiation-
atom interactions. Effects due to dissipation are accounted for by atom-photon exchange-interactions
of complex strength. It is found that the spin-squeezing is suppressed by dissipation. Calculations are
performed for arrays of Rb atoms excited by a GaAlAs laser.
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1. Introduction

The study of spin systems, as laboratories of quantum me-
chanical effects, was prompted by the realization of elementary
spin-pairs, e.g.: qubits, as primordial units in quantum computing
[1]. Another field of interest, in connection with spin systems, is
quantum optics [2], where remarkable achievements in the trans-
fer of spin have been reported recently [3–5]. We shall refer to
this body of results, as the field of spin squeezing [6,9]. Generally
speaking, the interaction between light and localized sources of
spin, like atomic levels, produces the transfer of spin [4] and de-
viations from the expectation values, as compared to the values
given by standard commutation and uncertainty relations [6–8].
A review of recent results in this field can be found in [9]. In a
previous work we have analyzed the manifestation of squeezing in
atomic systems in presence of spin–photon interactions [10]. Con-
cerning the microscopic description of systems which may exhibit
squeezing, we have studied the effects associated to asymmetries
in the spin–spin interactions [11]. In [11], the competition between
the initial conditions and the interactions was analyzed for the
case of a s = 1/2 spin-chain, where the dependence of squeez-
ing upon spin-coherent initial conditions becomes evident. Among
the open problems in the field of spin transfer between radiation
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and atomic levels, one can mention the persistence of the spin
orientation, and the revival of the spin alignment [4,13]. A recent
work [14] investigates the attenuation of spin transfer in the pres-
ence of dissipation. For earlier studies about field dissipation the
reader is kindly referred to the work of Bernett and Knight [12].
The description of the phenomena was based in the theory of spin-
radiation interactions. The authors of [14] have taken a two-level
system coupled to an oscillator and added dissipation by means
of a spin–cavity mode interaction with an imaginary coupling con-
stant proportional to the width of the oscillator energy distribution
[14]. The results of the work [14] are indeed very interesting, since
the authors have shown that the inclusion of dissipation increases
the rate of the energy transfer. This effect is reported as to be in-
dependent of the model adopted to account for dissipation, and it
opens the possibility of several applications, most notably to fusion
between light-ions [15]. In this Letter we have taken the results of
[14] as a motivation, mainly to test the persistence of the pattern
in presence of atom–atom interactions. These interactions have not
been considered in [14], and may be of importance, particularly,
in view of their effects in dealing with spin transfer mechanisms
(see Ref. [4]). Here, we study the conditions and persistence for
spin-squeezing in an array of rubidium atoms, a system which was
also studied recently [16], under MOT conditions. To this system
we apply and extend the method of [14], as described before, to
investigate the competition between the above described interac-
tions in a system which resembles an array of atoms in an optical
trap [17].
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In addition to the already introduced features, of spin squeez-
ing, the connection between it and entanglement was studied re-
cently [18]. The authors of [18] have considered a system of N
two-level atoms interacting with a radiation field in a dispersive
cavity. A very interesting result of the work of [18] is that an al-
most complete reduction of the noise was found for a system of
two atoms, and for a high-Q cavity. In agreement with our previ-
ous results [10,11], the authors of [18] have found that the degree
of squeezing deteriorates if the number of atoms (spins) in the up-
per spin-states increases. We aim at the search of similar effects in
systems like the one of [17].

Based on these previous findings, most precisely Refs. [14]
and [18], we have considered, in the present work, the interplay
between atom (spin)-radiation and spin–spin interactions in the
presence of dissipation. We have organized the Letter as follows.
The formalism is presented in Section 2, where the Hamiltonian
which describes the interaction of atoms with a radiation field, and
among themselves, is introduced, as well as the method adopted
to diagonalize it and to compute the time evolution of the ob-
servables. The results of the calculations, performed for an array
of rubidium atoms under different model conditions, are presented
and discussed in Section 3. Our conclusions are drawn in Section 4.

2. Formalism

In this section we shall introduce the Hamiltonian of the sys-
tem (Section 2.1) and describe a method to solve the eigenvalue
problem. In Section 2.2 we shall analyze the evolution of observ-
ables, as it is determined by the eigenstates of H . The dependence
upon initial conditions is discussed in Section 2.3. We have consid-
ered, as initial states, a product of atomic and radiation field states.
For the atomic state we have taken a coherent state [8]. The ini-
tial radiation field is taken also as a coherent state. Section 2.4 is
devoted to the definition of spin-squeezing [6,9].

2.1. The Hamiltonian

The system is composed by a chain of localized atoms, each
of them having two atomic levels of spin s = 1/2. To this atomic
system we add a single-frequency radiation field and let it to in-
teract with each of the atoms, separately. The situation which we
shall modelled in this section corresponds, roughly, to cold atoms
trapped in an optical trap. The spin–spin interaction sector should
then be the one of [17].

The atom–atom interaction is described by spin–spin interac-
tions between the atomic levels. The Hamiltonian is written

H = H0 + Hchain + H int,

H0 = h̄ω

(
a†a + 1

2

)
+

∑
i

ε(i)Sz(i),

Hchain =
∑
i �= j

γi j Sz(i)Sz( j) +
∑
i �= j

ηi j
(

S+(i)S−( j) + S−(i)S+( j)
)
,

H int = 1

2

∑
i

λi
(

S+(i) + S−(i)
)
(a† + a). (1)

H0 includes the unperturbed (free) radiation field, of frequency
ω, and the spin component of the atoms, along the z-direction.
The position of the atoms in the chain is indicated by the index i.
Hchain is the term which describes the interaction between atomic
spins placed in different sites of the chain. The interaction between
the z-components of the spins and the interactions between the
x- and y-components have different strengths, γi j and ηi, j , respec-
tively. H int is the photon–atomic level interaction, weighted by the
strength λi . To this Hamiltonian we add dissipation by considering
a term of the form
Hdiss = i

2

∑
i

λd(i)
(

S+(i) + S−(i)
)
(a† + a), (2)

as suggested in [14]. The justification of the term, of Eq. (2), is
found in elementary field theory, where the coupling of a parti-
cle with a narrow resonance produces, at lowest order, a term of
this form. The quantum electrodynamics of a two-level atom inter-
acting with a cavity mode, was developed in Ref. [12]. It leads to
coupling terms which are proportional to the width of the cavity
mode. In [12] it was shown that the density matrix, in the dissi-
pation picture, is damped in time by exponential factors which are
proportional to the width of the cavity mode.

The Hamiltonian of Eq. (1) is diagonalized in the basis

|k,n〉 = |k1,k2, . . . ,ki, . . . ,kN ,n〉

=
N∏

i=1

Ski+(i)
a†n

√
n! | 〉, ki = 0,1. (3)

In the above expression k is a spin array belonging to the set {k} =
{k1,k2, . . . ,ki, . . . ,kN }.

The operators S±(i) = Sx(i) ± i S y(i) are the spin ladder oper-
ators of the site i; together with Sz(i) they are the generators of
the su(2) algebra.

The eigenvectors are written as linear combinations of the
states of the basis (3)

|α〉 =
∑
{k},n

cα(k,n)|k,n〉. (4)

The term Hdiss, of Eq. (2), is treated perturbatively in the basis
of eigenstates (4), at lowest order, that is by correcting the energies
and renormalizing the eigenstates |α〉.

2.2. Time evolution

In the basis of eigenvectors of H , constructed as discussed be-
fore, the time evolution of a given operator O is expressed as

O (t) = U †(t)O U (t), U (t) = e−iHt/h̄. (5)

The expectation value 〈O (t)〉 is then written

〈O (t)〉 = Tr
(
ρ(t)O

)
=

∑
α,β

〈β|I〉〈I|α〉〈α|O |β〉e−i(Eα−Eβ )t/h̄, (6)

where we have defined the density operator ρ(t) = U †(t)ρ(0)U (t),
being ρ(0) = |I〉〈I|; the state |I〉 is the initial state of the system,
while {Eα} and {|α〉} are the αth eigenvalue and eigenvector of the
Hamiltonian.

The expression (6) can be written in a more compact form in
terms of the overlap of the initial state |I〉 with the eigenvectors
{|α〉}, that is

〈
O (t)

〉 = ∑
n,m

T ∗(n)〈n|O |m〉T (m),

T (m) =
∑
αn

c∗
αncαm〈n|I〉eiEαt/h̄. (7)

In the above equation |n〉 is a short hand notation for the elements
|k,n〉 of the basis (3) and cαn ≡ cα(k,n), that is the coefficients of
the eigenstates |α〉 of Eq. (4), with eigenvalue Eα .
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2.3. Initial condition

We shall study the time evolution of the system under the ac-
tion of H . The initial state, which is not an eigenstate of H , is a
product state of the form

|I〉 = |I〉 f ⊗ |I〉at, (8)

where |I〉at is the atomic initial state and |I〉 f is the initial radia-
tion field.

We shall adopt as initial condition for the radiation field a co-
herent state

|I〉 f = e−|z|2/2eza† |0〉, (9)

with |z|2 = 〈a†a〉.
For the atomic initial state we shall adopt a coherent spin

state (CSS). A CSS is defined as an eigenstate of the spin compo-
nent in the direction 	n0 = (sin θ0 cosφ0, sin θ0 sin φ0, cos θ0), then
	S · 	n0|CSS〉 = S|CSS〉, with eigenvalue S . The angles θ0 and φ0 are
the polar and azimuth angles of the unit vector 	n0. The CSS is writ-
ten

|I〉at = ezat S+|0〉,

= (
1 + |zat|2

)− N
2

N∑
m=0

zm
at

m! Sm+|0〉, (10)

with

zat = −e−iφ0 tan

(
θ0

2

)
. (11)

2.4. Atomic squeezing

Atomic spin-squeezed-states are quantum correlated systems
with reduced fluctuations in one of the collective spin com-
ponents. For a component along a general unit vector 	n ≡
(sin θ cosφ, sin θ sin φ, cos θ), of the spin vector 	S , we shall de-
fine the squeezing factor as 2(ΔSn)2/|〈	S⊥〉|, where 	S⊥ is the spin
component in the direction perpendicular to 	n. We shall study the
spin-squeezing of the components of 	S in a direction perpendicu-
lar to the mean spin of the system, 〈	S〉. Therefore, we shall adopt
as an indicator of the spin squeezing the quantity [8]

ζ 2 = 2(ΔSn)2

|〈	S〉| . (12)

Consequently, Sn is squeezed if ζ 2 < 1 [8].

3. Results and discussion

We have diagonalized the Hamiltonian of Eq. (1), and studied
the time evolution of spin observables of the system. We have
taken an atomic open chain consisting of N = 5 sites. The values of
ε(i) are taken from the atomic S and P levels of 87Rb, that is ε(i) =
1.559 eV, if i is odd, and ε(i) = 1.589 eV, if i is even, respectively.
The energy of the photon was fixed at the value h̄ω = 1.582 eV,
corresponding to a GaAlAs laser. The coupling constants γi, j and
ηi, j , of the spin–spin sector of the Hamiltonian, are fixed by con-
sidering nearest and near-neighbors interactions (γi, j = 0.01 eV
if |i − j| � 2, otherwise γi, j = 0, and ηi, j = 2γi, j ). The coupling
constants λi and λd(i) are fixed at the values λi = 0.022 eV and
λd(i) = 0.002 eV. The initial condition for atoms is represented by
a coherent spin state, CSS, of Eq. (10), with φ0 = θ0 = π/4.

These values are to be taken as very rough estimations of the
values to be encountered in a realistic situation. However, they
are consistent with the experimental information about the en-
ergy difference between S and P levels in Rb atoms, and with the
Fig. 1. Spin expectation values, with a purely atomic Hamiltonian. The results corre-
sponding to a chain of 5 sites are shown as a function of the time t (t is given in
arbitrary units). The expectation value of the z-component of the total spin, Sz , is
given for each of the sites, separately (inset (a)). The time dependence of the x- and
y-components of the total spin S is shown in inset (b). The Hamiltonian includes
only the atomic (spin) components of the system and it does not include photons.
The initial state is a CSS (see Eq. (10)), and the parameters of the Hamiltonian are
given in the text.

properties of a known laser field, like the 1.582 eV line of a GaAlAs
laser. Particularly, the value of λi and λd(i) have been chosen in a
way consistent with the known field-theoretical treatment of the
interaction between radiation and atomic levels.

In order to assess the order of magnitude of the effects asso-
ciated with the different terms of the Hamiltonian of Eq. (1), we
have performed calculations by gradually turning on these terms.
In the following, we shall present and discuss our results for the
expectation value of the z-component of the spin, for each of the
sites of the chain, the mean value of the components of the total
spin (〈Sx〉, 〈S y〉, 〈Sz〉), and the spin squeezing parameter ζ 2.

As a first step we have verified that, for a restricted Hamil-
tonian with purely spin–spin interactions between near sites, the
z-component of the total spin and the z-component of the spin of
each atom are constants of motion. The inclusion of nearest site
interactions, like in the present case, breaks the symmetry. The re-
sults of the calculations are shown in Fig. 1, which illustrates (a)
the time dependence of 〈Sz〉 for each atom, and (b) the revival, in
time, of the values associated to the expectation value of the x and
y components of the spin.

Fig. 2 shows the results obtained by using, like in Fig. 1, only
the atomic sector of Eq. (1). In the insets (a) to (c) of Fig. 2 we
show the time dependence of the expectation value of the spin
squeezing factor ζ 2, and the time dependence of the orientation
angles of the mean value of the total spin (see Eq. (12)). As seen
from the curves of Fig. 2, the atomic squeezing persists with time,
shows features of revival, and reaches a minimum value of the or-
der of ζ 2 ≈ 0.7.

The effect of the inclusion of the interaction with the photon
field is displayed in Fig. 3. The Hamiltonian used to perform the
calculations is the one of Eq. (1), except for the term corresponding
to dissipation, which has been omitted in this set of calculations.
The initial condition for the photon sector is given by a coherent
state (see Eq. (9)) with |z|2 =10. The choice of a coherent state,
as initial condition in the photon sector, is justified by the fact
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Fig. 2. Time evolution of the spin-squeezing factor ζ 2 (inset (a)), and of the orien-
tation angles of the mean value of the total spin 〈S〉, (θ,φ) ((insets (b) and (c)). We
have considered only the atom–atom terms of (1). The initial state is a coherent
state |I〉at (see Eq. (10)), with φ0 = θ0 = π/4.

Fig. 3. Time dependence of the spin squeezing (inset (a)), and orientation angles
θ (inset (b)) and φ (inset (c)) of the mean value of the total spin, in presence of
atom-photon and atom–atom interactions, without dissipation. The initial state, for
photons, is a coherent state (see Eq. (9)) with 10 photons (nb = |z|2 =10), and, for
the atoms, it is a coherent atomic state |I〉at (see Eq. (10)), with φ0 = θ0 = π/4. The
parameters of the Hamiltonian are given in the text.

that this class of states gives non-vanishing matrix elements of
H int, regardless the actual value of nb . The other parameters of
the Hamiltonian are given above. In this case the atomic squeez-
ing ζ 2 does not persists with time, and it reaches a minimum at
θ = π/2.

We have investigated the effects associated with the number of
photons (nb = |z|2) in the initial state, by performing calculations
with nb = 2,4,6 and 8, and by comparing the results with the
ones obtained with nb = 10. It is evident, from the curves shown
in Fig. 3, that the atom–photon interaction destroys the squeez-
Fig. 4. Time dependence of the spin squeezing (inset (a)), and orientation angles θ

(inset (b)) and φ (inset (c)) of the mean value of the total spin, in presence of atom–
photon and atom–atom interactions, with dissipation. The initial states, for photons
and atoms, are coherent states. The parameters of the Hamiltonian are given in the
text, and the initial photon state is defined as a two photons state (nb = |z|2 = 2).

Fig. 5. Time dependence of the spin squeezing (inset (a)), and orientation angles
θ (inset (b)) and φ (inset (c)) of the mean value of the total spin, in presence of
atom–photon and atom–atom interactions, with dissipation. The initial states, for
photons and atoms, are coherent states. The parameters of the Hamiltonian are the
given in the text. The initial photon state is a ten photons state (nb = |z|2 =10).

ing induced by the spin–spin interactions. This feature persists if
the number of photons in the initial state is changed, that is the
number of photons in the initial state does not influence much the
time dependence of the squeezing of the atomic spin.

The results of our calculation for the complete Hamiltonian, of
Eq. (1), are presented in Fig. 4, for nb = 2. The effects due to dissi-
pation are notorious, since the atomic squeezing is washed out on
the whole domain of time considered in the calculations, and the
orientation of the expectation value of the total spin oscillates be-
tween θ = π/2 and θ = π . The spin transfer from the photon field
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to each site of the chain differs drastically, as compared with the
results shown in Fig. 2, since for this case the levels of each atomic
site are equally populated. Same conclusion concerning the effect
of the photon number can be drawn here, as it is supported by
the results shown in Fig. 5, which corresponds to the case nb = 10.
In Figs. 4(a) and 5(a) it is seen that the squeezing disappears at
longer times.

Concerning the dependence of the results upon the choice of
the initial atomic condition, we have repeated the above presented
calculations by replacing the atomic CSS state by an initial condi-
tion consisting of all atoms in the ground state. The results of the
calculations, omitted here for reasons of space, show that the use
of the CSS is as important as the use of coherent states for the
photon sector.

To gain further insights about the above presented results, we
have compared them to the ones of Ref. [16]. Basically, we have
obtained similar results concerning the effects of dissipation upon
spin squeezing. Both for Ref. [16] and the present work, squeez-
ing is suppressed by dissipation. In the case of [16] dissipation is
accounted for by the scattering of photons, while in our case it is
due to the coupling of the atomic spin to the finite width of the
photon field.

4. Conclusions

In this work we have calculated the time dependence of spin
observables in presence of atom–atom and atom–radiation inter-
actions. We have also included dissipation by means of an atom–
photon interaction of complex strength. In this respect we have
taken the results of the work of the M.I.T. group, Refs. [14], as
initial step and added to the formalism a localized atom–atom
interaction. Our results, regarding spin observables, are the follow-
ing:

(a) The inclusion of atom–atom interactions produces the en-
hancement of the squeezing factor and, eventually, is respon-
sible for revival effects;

(b) The presence of dissipation washes-out the spin transfer from
the radiation field to the atomic levels;

(c) The atomic initial state, in our case a coherent spin state (CSS),
is as important as the initial state of the radiation field (also a
coherent state) in producing the spin alignment;

(d) The main effect concerning the interplay between atom–
photon and atom–atom interactions is that they add incoher-
ently regardless the number of photons involved;

(e) The dependence of the spin transfer upon the atomic cou-
plings is evident and it opens the possibility of modelling
atom–radiation spin-transfer effects by means of atomic lat-
tices, and/or optical traps.

Work is in progress concerning the distribution of spin in a
spin-chain with site-dependent interactions.
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