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S. Lerma HY?* S, Jesgarz?'P. O. Hess;* O. Civitarese”® and M. Reboiré’
nstituto de Ciencias Nucleares, Universidad Nacional Aotma de Mgico, Apartado Postal 70-543, Mio 04510 D.F., Mexico
2Departamento de Bica, Universidad Nacional de La Plata, c.c. 67 1900, La Plata, Argentina
(Received 5 February 2003; published 30 May 2003

A simple model for QCD is presented, which is able to reproduce the meson spectrum at low energy. The
model is a Lipkin-type model for quarks coupled to gluons. The basic building blocks are quark-antiquark pairs
coupled to a definite flavor and spin. These pairs are coupled to pairs of gluons with spin zero. The multiplicity
problem, which dictates that a given experimental state can be described in various manners, is removed when
a particle-mixing interaction is turned on. In this first paper of a series we concentrate on the discussion of
meson states at low energy, the so-called zero temperature limit of the theory. The treatment of baryonic states
is indicated, also.
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[. INTRODUCTION tice gauge calculations, to treat QCD at low energies, is that
only the lowest state, and in some cases also the next to the
QCD is the favored theory of the strong interactions. Atlowest state, for a given spin, charge conjugation, and parity,
low energy, however, the description of the hadronic specean be calculated. Lattice theory is numerically quite in-
trum based on QCD becomes difficult due to the nonlinearolved, and the inclusion of quarks and antiquarks brings in
structure of the theory. This nonperturbative regimen, in conadditional problems that are difficult to solve. Effective mod-
trast to lattice gauge calculations, can be explored by mearels of the hadrons, such as the MIT mog@], can help to
of schematic models. The use of such models is common ished some light on the structure of QCD at low energy. In
other fields of physics where the many-body structure of theRef. [6] the spectrum of gluons, as obtained in R&f, was
theory may be explored by introducing effective degrees ofeproduced and the sequence of levels explained by simple
freedom and their couplings. Nuclear structure physics is onassumptions. In other workgl0,11] many-body methods
of these examples and it is as complicated and involved awere used to describe the spectrum of QCD at low energy.
the low-energy domain of QCD. Like in the case of nuclearAfter these considerations, it is obvious that it would be nice
structure physics, QCD descriptions based on simple modet® have a model that) must be able to describe the basic
may help in the understanding of basic concepts and procestructure of QCD at low and high energies, did must be
dures. The Lipkin modd]l] is one of the most famous sche- solvable exactly. Probably, such a model does not exist, due
matic models, and it helped substantially to appreciate théo the complicated structure of QCD. Nevertheless, one can
importance of pairing two-body interactions as well as thetry to construct a model that comes as near as possible to
importance of collectivity in building the low-energy part of QCD.
the nuclear spectrum. An extended version of the Lipkin The purpose of the present work is to present a model that
model was applied to the description of pion condensates ifulfills the above requirements. In R¢fl2] the most simple
nuclei [2]. A variety of many body techniques have beenversion of such a model was presented. Like the models
tested with Lipkin-type modelg3,4]. In Ref.[3] some real- mentioned at the beginning, it is based on a Lipkin-type
istic, less schematic, nuclear interactions, suitable to describ@odel and consists of two levels for the description of
various nuclear properties, were investigated in this way. Irquarks and antiquarks. These quarks are coupled to a boson
Ref.[5] a Lipkin model was applied to describe a system oflevel that describes gluon pairs coupled to spin zero. The
many quarks. As seen in these examples, the predictions ather gluon states are treated as spectators. The basic ingre-
schematic models can be also rather rich in their complexigients of the model are the quark-antiquark pairs coupled to
ties. This fact was shown, for a simple model of many gluonflavor singlet and spin zero and gluon pairs with spin zero. In
systems, in Refl6]. Ref.[12] it is shown that the model is able to describe the
Until now, the only formalism that can handle QCD from appearance of a quantum phase transition at zero tempera-
first principles is the lattice gauge thedf¥j]. Particularly, in  ture, when the interaction is turned on, and a phase transition
many gluon systems, a good description is obtained withoufo the noninteracting case at nonvanishing temperature. In
considering finite volume effec{8]. The problem with lat- Ref. [12] the basic features of the model were discussed.
Only flavor singlet and spin zero mesons were taken into
account. The appearance of a Goldstone boson was obtained
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refers to color, flavor, and eventually other degrees of free-
16} w,  dom. If only spin fy), flavor (n¢), and color ) degrees of
freedom are considered, the value(dfis given by the prod-

uct 2Q =n.n¢ng. For flavor(0,0) and spin O pairs, only, the
model has similarities to the one of Rg2], but with a
different interaction. In Ref.2] the pion condensate in nuclei
was the dominant phenomenon. In the present case, nucleons
are replaced by quarks and the pions by gluons. The model
has some similarities to Ref5], which is also a Lipkin-type
0.3r ¢ model. There, only quarks were considered and the interac-
tion conserves their number.

For zero temperature and no interactions the lower level is
filled by fermions. The creatiofannihilation operators of
these fermions are o, (c**9'"), in covariant and
contravariant notation for the indices. The symbol (1,@-

FIG. 1. Schematic representation of the model space. The feffers to the flavor part, where (1,0) is the Quflavor nota-
mion levels are indicated by their energigso;. The gluon pairs  tion andf is a shorthand notation for the hyperchaigehe
are represented by the level at the enesgy isospinT, and its third component,. The indexo repre-

sents the two spin components3, the indexi=1 or 2

stands for the upper or lower level, and the indexepre-
consequences for the quark-gluon plas@GP in Refs.  sents all remaining degrees of freedom, which are at least 3
[13,14. because of the color degree of freedomhen only color is

In the first part of the paper we will introduce the generaltaken into account, instead of we will use the indexc).
form of the model for the description of meson states. TheLowering and raising the indices of the operators introduces
discussion will concentrate on the behavior of the model at phase, which depends on the convention 464 and a
low energy, corresponding to the zero temperature regime afhange of the indices to their conjugate values, i.e., the quan-
QCD. The study of the high energy behavior and the transitum numbers (1,0§ TT,o change to (0,1} YT—T,—o.
tion to the quark gluon plasnd.3,14] will be presented in The operators, defined above, contain the relevant degrees
the forthcoming paper of the serigh5]. In Sec. Il the basic  of freedom of QCD, i.e., color, spin, and flavor. These basic
ingredients of the model are introduced, with the propositiordegrees of freedom appear at all energies, no matter how the
of a Hamilton operator. Because of the difficulties in treatingresulting particles are defined, i.e., either in the perturbative
fermion pairs exactly, we shall diagonalize them in a bosoror in the nonperturbative regime. In the nonperturbative re-
mapping scheme. The basis used to deal with the bosonigime one usually denotes them asnstituentor effective
images of the fermion pairs, and the corresponding matriparticles. This is mainly due to the difference in the spatial
elements of the proposed Hamiltonian, is also given in Seqoroperties, while color, spin, and flavor have the same mean-
[l. There we show how to assign charge conjugation andng as in QCD. Here, the quarks and antiquarkscanestitu-
G-parity symmetries to the states belonging to the basis. lentparticles alow energyand have little in commorexcept
Sec. Il the model is applied to the description of the lowfor the quantum numbers mentionedith the ones at high
energy meson spectrum. Conclusions are drawn in Sec. [Venergy. We shall show that a model that contains these basic
degrees of freedonand which takes into account the dy-
namic coupling with gluons can describe the main character-
istics of QCD at low energy.

As indicated in Ref[12], the fermion sector is described  The quark and antiquark creation and annihilation opera-
by a Lipkin-type mode[1], consisting of two levels, one at tors are given in terms of the operatarandc,
energy— w; and the other at energy w; (see Fig. 1 This is
the Dirac picture for fermions, where antiquarks are regarded
as holes in the lower level. Alternatively, one also describes
quarks and antiquarks in the level &tw;. The quarks and
antiquarks are coupled to a 1.6-GeV level, which is occupied a*fr=catol  gtafo_ cato2 (1)
by gluon pairs with spin zerf6], a value that was obtained
in the description of a many gluon system and which was
adjusted to lattice gauge calculatidi®3. In consequence, we which corresponds to the Dirac picture of particles and anti-
shall take the energy of the gluon pair state as externallparticles: quarks are described by fermions in the upper level
fixed data. The value; is fixed to one third of the nucleon and antiquarks by holes in the lower level.
mass(0.33 GeV). There are further gluon statg§] that do The gluon sector of the model space is described by
not interact with the quarks and antiquarks. These states wibbosons that represent pairs of gluons coupled to spin zero.
be treated as spectators and should be taken into accountTime energy of a boson state is fixed at the valg
the final spectrum. =1.6 GeV|[6], as mentioned before.

The degeneracy of each fermion level i§) 2 where () The quark-antiquark pairs of the model are given by

E(GeV)

()8
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has maximally three rowfsl7]. In group chain(3) no multi-

052 tfoo afror2 afyo .. . . . T
figilzBfl,ilZ:E Chr,r1CH2722= 2 al; , dTf22, plicity labels are indicated. There is a multiplicigy; for
“ “ (N, 1) andps for the spinS. The color labels X, uc) are
related to théh; via N\c=h;—h, anduc=h,—h;. The com-

f202l _ glaoa_ T afpol— afy0, lete state is given b
Cf10'12_Bflo'l_§ Caf1012c _g daflo-la ’ p g Yy
IN,(Ac ) pr(N g, )Y TT,, psSM), (4)
foopl T afr,or1 i afro
Cfl(rll_ ; Caflu'llc 202 = ; a‘uzfl(rla 2 21

whereY is the hyperchargel is the isospin and, its third
component. For mesonlike states, the color quantum num-
2022 _ t afy02 _ tafyo bers to be considered argd,xc) =(0,0). These states will
CfmZ_% Catyry2C 27 2;‘ Gty d'2%2 () be located in an elementary volume of about/a fm?, cor-
responding to a sphere of radius 1 fm.

The first two equations describe the creation and annihi- To obtain the values df; one has to consider all possible
lation of quark-antiquark pairs. The pairs can be coupled tgartitions ofN=h, + h,+ hg, which fixes the color. For col-
definite flavor ,A\)=(0,0) or (1,1) and spis=0 or 1. We  orless states we have,=h,=h;=h. Each partition ofN
shall write, in this coupling schemB(T)\,h)f,SM, wheref is  appears only once. The irrdfnhh] of U(Q2/3)=U(3) (Q
the flavor,Sis the spin, andM is the spin projection. The =9) fixes the irrep of U(12), as indicated in E). For the
operatorsB, ,s,sm annihilate the vacuurf0), which can be  reduction of the irrep of U(12) we have written a computer
taken as the configuration where the lower state is comeode[18], which is available to the interested reader. As an
pletely filled and the upper one is empty. Note that theexample, let us consider the U(12) irfg3’0°] and the two
vacuum state is not uniquely definEtl]. All states, which  U(4) irreps[920%] and[9720], where the first one contains
contain only quarks in the upper level and where the lowethe state where the lower level is completely filled and the
level is completely filled(so that antiquarks are not acti- upper one empty, and the second irrep is the next highest one
vated, regardless of color, as, for example, the three quarkhat contains flavor (0,0). The first is accompanied by flavor
baryon states, are annihilated By, )); sm- This property  (0,0); and the second one by (0,0and (1,1), where the
derives from the fact that the operat@g s, sw contain an  subindex denotes the multiplicity. The spin contenf@%0?]
antiquark annihilation operator that anticommutes with allis given by Qg, 145, 235, 328, 421, 515, 610, 7, 83, and
the quark creation operators. Therefore, the Hilbert space @f,. The spin content df9720Q] is Og;, 1171, 2189, 3135, 490,
the model may be divided into sectors, each one with a difs.,, 6,,, and 7%. The lowest dimensional irrep {652%4%]
ferent vacuum state having a given baryon number. The ongith the spin content Dand 1.
with the baryon number zero is the real particle vacuum.

. B. The boson mapping
A. Group theory of the fermion part

. . The explicit construction of the basis states, E, and
From now on, we restrict to @=nsncn¢=18 With Ns 4 caiculation of the matrix elements become very involved,
=2, nc=3, andn;=3, for the spin, color, and flavor de- \ nich i in conflict with the idea to develop a simple model.
grees of freedorTn, resgefctl\_/ely. The largest group, Whosg 4y out of it is to use a boson mapping of the pair opera-
generators arece ¢ ,,ic%22°2 (¢=12.3; fi=123; 0  {51sB" andB and work in the boson model space.
=1,2; andi,j=1,2), is the U(4)) group. One possible The basic ingredients of the model are the pair operators,
group chain for the classification of the states, which includegiven in Eq.(2). They can be mapped onto boson operators
the flavor[ SU;(3)] and the spirf SUg(2)] groups, is given [19]

b
y BTf202—>be202, szo’z_)bfzo'z' (5)
[1M] [h]=[hih;hs] [h™] Tt Thes e
U(4Q) oU($)e U(12) where the operators on the right satisfy the normal boson
U U commutation relations,
(A, me)SUc(3) (N ) SU(3)®  SUs(2)S M, foos thae
(3) [bfigi! bf33—34] = 5f3f25f4f150'30'250'40'1' (6)

where the irreducible representatitrep) of U(4()) is the  The exact boson mapping is quite involved, but it can be
completely antisymmetric one ardl is the number of par- obtained in generdl19—21]. For the sake of this work, it is
ticles involved. The upper index ith'] refers to the trans- worth to show that the mapping can be performed, indeed.
posed Young diagram dfh], where the columns and rows We shall(i) work from the beginning in the boson spageé)

are interchangeL7]. Due to the antisymmetric irrgddN] of  define a Hamiltonian that corresponds to the Hamiltonian
U(4Q), the irreps of U(2/3) and U(12) are complementary acting in the fermion space, ariii ) select a basis. The ad-
and the irrep of UQ2/3), which is for(Q0=9 the color group, vantage of working in the boson space is the simplification in
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getting the matrix elemenisee below. The price to pay is tors (@'—d") and inverts the magnetic quantum numbers
related to the appearance obnphysicalstates[19], as we  (Y;— —Y, andT;,— —T;,) of flavor and of color only.
shall discuss later on. For products of two pair creation operator we obtain
In order to choose a basis in the boson space, we profit
from the fact that the basic degrees of freedom are given by ~ C[B] s ®B] ¢Jf{*/C*
the boson creation operatds§, ,¢sy= D01 sy, With A =0 or

1 andS=0 or 1. This gives four possible combinations of =(—1)Sl+32‘”‘“+”max"’[B{1,Sl® BIZ,SZ]%(,{A"”,
[N\,S]: [0,0], [0,1], [1,0], and[1,1]. Consequently, the total
Hilbert space is the direct product of 1, 3, 8, and 24 dimen- 9)

sional harmonic oscillator22].

For each harmonic oscillator we can define a senioriyVN€re p is the multiplicity label of ¢, ) in the product
basis, (N, A1) ®(N2,N5). The symbolp,.x denotes the maximal

value ofp. The phase convention of R¢23] was used. The
symbol ® denotes the combined product in B8) and
Ny . (bl s bl )Ms™ 792 ) (v &), 7 SUy(2).
Nis ”5( s Do) nsns) @ In analogy, the action of the charge conjugation on a prod-
uct of three pair operators can be obtained:

whereN, g is the number of bosons of tyge.,S], v,s the

; o ; G T T p12N12.#12).S125 BT p(\u),Sc—1
corresponding seniority, an'lsl’,\,wyAs is a normalization con- C{[BM~31® B"zvsz] ®B%3'53 VS

stant. The seniority is the number lofs bosonsnot coupled =(—1)S1+S2tS37 A=t przmax P12t Pmax P
into pairs. Thea, g contain all other quantum numbers for a
particular harmonic oscillator. The dot in the factor refers to X{[B}, 5 ®B], s ]r12r12212:- 512 813,53}%(&"”‘5,
the scalar product. '
The choice of a seniority basis is particularly useful for (10

the calculation of the matrix elements of the interaction,
which contains expressions of the formb/¢-bly),
(byg byg), and (DIS~ b,s), where the latter is just the number
operator of the bosons of the type,S]. The exact structure
of |v\says) is not needed, except for the knowledge of the

uantum numberg, g. . . X
q S way for more involved coupling schemes. For our purpose it

For the one dimensional harmonic oscillat®®,0]) the . - ; ; : -
seniority can take the values 0 or 1. The state is of the forn> sufficient to go up to three pairs, which will be the domi

= N . nant structure at low energy.
(bg’O)N.OO|O>|:h(bg°' bg"?)(NOO .l(lm)lz(b%]f’) OO|O>.' Eorf[he threle di- h For the G parity the additional rotation in the isospin
mensiona h armolplg oscillator t efshemonty Is equal to tfespace has to be applied, which changgs to —T; , [24].
SpinS,s. The explicit expression of the state is given in Ref. o5 onvnomial in the pair operators this gives an addi-
[22]. The eight dimensional oscillator contributes to flavor

' : _ ™ tional ph 1)T, whereT is the total i in24].
only and it is discussed in Appendix A. The 24 dimensional IOr']l%eps:;ee(—ph)asewpreorp?ertlizs Sngzaerlalnsc(i) ?B?Lgrit]y trans-
oscillator can be found in Ref6], where the color part in

Ref.[6] has to be interpreted here as the flavor part. In Reffqrrmanons have to be valid for the mapped boson operators

[6] only singlet states are listed, but the procedure to obtain*f;SM- L . . .
: . : In a seniority basis, the matrix elements are easily ob-

nonsinglet flavor states is outlined. tained. and thev are written as

The parity of each state is given B=(—1)", whereN ' y
= 2, sN,sis the total number of bosons. Each boson stems
from a particle-antiparticle pair, which carries negative par-
ity. — _

In order to obtain the property under charge conjugation, VNys=nst2)(Nast st dys).
one has to apply the charge conjugation oper&do the
pair creation operatcB(TX'A)f'SM. The result igsee Appendix

B) = V(Nys— 7,8)(Nys+ 1,5+ 0y s—2),

wherep,, is the multiplicity of (\15,u1,) in the product of
(N A )®(No, o), p is the multiplicity of the total irrep in
the last coupling of the above equation, ang .« is the
maximal value ofpq,.
The procedure outlined here can be used in a recursive

(Nys+ 21,5, (Bl s bl Nysvysars)

<N>\s_ 2sza>\s|(bx3' bys) | Nxs”xs“xs)

Ny s¥rstsl (brs bys) [Ny svasars) = Nys, (11)
C'B}tf,SM'C_lz(_l)SBI_f’SMa (8) < | e | >
whered, s is 1, 3, 8, or 24 for the case of the 1, 3, 8, or 24

- . dimensional harmonic oscillator. As a shorthand notation we
whereh=(\,—u),f=—=Y,T, —T,. From this it is clear that
only states withY=0, T,=0, andx=0 can have a definite

C parity. In Eq.(8) we make use of the application of the !Hereafter, for the sake of notation, we shall indicate charge con-

operatorC, which interchanges quark and antiquark operajugate states with a bar over the index
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will use instead of b;[s' b{s) the expression u}\TS)Z, and number of bosons. If flavaf0,0) and spins 0 and 1 are con-

similarly for the other productsb{s)2 andb]g-bys. sidered, we have U@)>U(Q)®U(4), which has as an
As a Hamiltonian, invariant under rotation, charge conju-upper limit the numbet) up to which no spurious states
gation, andG parity, we propose appear. Finally, for all pairs, i.e., flav@®,0), (1,1) and spin

0,1 the relevant group chain is U® D U(Q/3)®U(12) and
the upper limit isQ)/3. This gives us a hint about the group
H=2wn+ wphy+ 2 sz{[(bls)zJFZbIs'bxs+(bxs)2] sequence where unphysical states may appear. The upper
rS limit up to which all states are physical is lowered in the
Ny sequence where bosons with more degrees of freedom ap-
1- m)[(b;[s)zﬂL 2bIS- b\s pear. There are states that can be described either by one or
the other type of bosons or even by a combination of bosons.

X b+b'

1-
20

For example, when both levels, the lower and the upper ones,
+(b>\s)2]]- (12)  are filled there is only one allowed state, which is the flavor

singlet with spin zero. However, all types of boson pairs can
describe it, e.g., when the number of bosons coupled to fla-
vor singlet and spin zero is equal td)2 In view of these
considerations, and for the 1, 3, 8, and 24 dimensional har-

Due to symmetry arguments, the interaction strength is
the same for the two last lines in E@l2). The term
(b{9)? [(b\s)?] describes the creationnihilation of two o e occillator basis, we have introduced the limi€3, 22,
quark-antiquark pairs with the simulianeous.creation oranx(/3, andQ/3, respectively. The higher nonphysical states
nihilation of a gluon pair. The terms-bys, in EQ. (12,  gg not play an essential role because, as shown below, the
describes the scattering of a fermion pair with the emissiojominant contribution at low energy comes from configura-
or annihilation of a gluon pair. All processes can be depictedions with a small number of quark-antiquark pdit$]. By
by a Feynman graph and all graphs can be obtained from aRyorking with these dimensional cutoff values, the influence
other one by an appropriate interchange of lines. Because th nonphysical states is minimized. Also, for each case, the
strengthV)s should be, basically, invariant under the ex- total number of bosons is restricted 42Q). For a reason-
change of lines, we shall use the same interaction strengifpje interaction strength, however, the dominant contribution
for all channels, as a first approximation. The terms that apgomes from a small number of bosons. In such cases, the
pear in Eq.(12) originate in the normal product of bfs  number of unphysical states is small and they do not influ-
+byg)*:, where the square implies a scalar product. The facence much the result. The dimensional cutoff in the Hilbert
tor (1-n¢/2Q)) represents a cutoff that can be traced back taspace has the advantage that most unphysical states are ex-
the boson mapping of the fermion pairs with flay@10) and  cluded. In principle, one can eliminate the spurious states by
spin 0. This term simulates the effect of an exact boson mapapplying another, more involved, procedure. For that one has
ping [19-21 and it is responsible for the disappearance ofto reduce the irrep of U(12) to the flavor and spin groups, as
the interaction when the number of pairs reachék. 2n  done in the preceding section. This gives us the allowed
other words, this cutoff term simulates the Pauli principlecontent of flavor and spin for a given irrep of U(12). The
that does not allow more thar{2 pairs. matching condition, i.e., by comparing for a given number of
Hamiltonian(12) is the most simple form we can think of pairs the spin and flavor content on the boson side to the one
and it contains only four parametetie values o/, ). The  on the fermion side, eliminates unphysical states. If on the
value of w; is fixed to 0.33 GeV, which is about of the  boson and fermion sides, for a given flavor and spin, the
mass of a nucleon. The most notorious difficulty, associateghumber of states are equal, all states in the model space are
with the use of the boson mapping, lies in the Hilbert spacaaken into account. This is the case of low lying basis states.
of the boson operators. It is larger than the Hilbert space oA simple counting procedure can be used for other situations.
the fermion pairs. In some situations one can identify thef there are, for a given flavor and spin, more states in the
source of the spurious dimensions. If, for example, only flahoson space than in the fermion space, one cannot decide
vor (0,0) and spin O pairs are taken into account, the relevangasily which combination is allowed. However, one can re-
group structure is U@)DU(2Q)®U(2). Theirrep of  duce the number of states of the model space to the same
U(4Q) has to be antisymmetric, which implies that the ir- dimension as the one of the fermion space. As a rule, one can
reps of U(2)) and U(2) have to be complementary, i.e., if first eliminate the states that contain most of the bosons with
U(2) is given by a Young diagram with two rows, the one of the largest degree of freedom, i.e., which are of the type
U(2Q) has to be the adjoint, which is obtained by inter-[1,1], and in this way proceed, if necessary, until only states
changing rows and columngl7]. The upper limit, up to  with flavor (0,0) and spin zero bosons are left. At least, the
which no spurious states appear, iQ dbecause U(2) al-  proposed procedure eliminates most of the spurious states.
lows 2Q) rows in the Young diagram. This is also the maxi- The error made can be absorbed in the parameters of the
mum number of pairs allowed, i.e., for this case no unphysimodel, a general practice in dealing with phenomenological
cal states occur. If flavor valuég,0) and(1,1) and spin 0 are  models, because in the end the correct number of degrees of
used, only, we have U@)DU(20/3)®U(3) and up to freedom(dimension of the Hilbert spageominates in a suc-
2Q)/3 pairs there is no problem with respect to the appeareessful description of the spectrum. The idea of the proposed
ance of unphysical states. This implies that states with exprocedure is not new and it was used in another context by
plicit flavor will present unphysical states only for large Cseh and Leai [25].
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TABLE |. States used in the fit. The particles are listed in the =0 andY=0. For an octet all states have the same energy as
first column, and their transformation properties in flavor and spinthe isospin singlet and hypercharge zero state. Because later
are shown in the second and third columns. Note that, for the parmn e shall take into account flavor mixing interactions too,
ticles in the first(0,0), (1,2) 0~ and (0,0, (1,1 1" irreps, we are  hqo positions of the singlet and octet states are not fixed at
listing the value of the masses without flavor mixiftey are oo meagred energy values, but at the values obtained when
marked by an asterigkThe experimental data are taken from Ref. the flavor mixing interactions,are switched {2#]. The mix-

(27) ing angle is introduced for two multiplets: thé,1) 0~ and
Particle Qi) I7 Eg (GeV)  Egyp(GeV) (0,0 0" irreps, containing the pions and thg 7', and the
(1,17, (0,0 17, containing thew, ¢, andp particles. The
Vacuum 0,0 0" 0.0 0.0 mixing angles are, respectively,23.7° and 35.3{24]. For
fo(400-1200) 0,0 0" 0.656 0.600 other multiplets one assumes that the mixing angle is zero,
f5(980) (1,2 o+ 0.797 0.980 because of missing data, and because of the smallness of the
f1(1420) (0,0 1t 1.445 1.420 energy splitting between members, as compared to the en-
f,(1270) (1,0 1" 1.363 1.270 ergy splitting within the multiplet that contains the pions or
7' (958 (0,0 0~ 0.885 *0.892 the p mesons. The uncorrected masses for, e.g., the octet
7(1440) (0,0 0~ 1.379 1.440 (before flavor mixing are mg=615 MeV in the first case
7(541) (1,2 0~ 0.602 *0.615 (see notation of Ref24]) andmg=940 MeV for the second
7(1295) 1y o 1.428 *1.295 case(see also Table)!
7(1760) (1,0 0- 1.671 1.760 In Table | we show the states used in the fit. Their flavor,
w(782) (0,0 1- 0.851 *0.861 spin, and parity are indicated together with the experimental
$(1020) (1,0 1~ 0.943 *0.940 values. In total, to perform the fit, we have considered thir-
(1420) 1,1 1- 1.389 1.420 teen states with spin zero and one in the four parameter fit-
(1600) (1.1) 1- 1639 1.650 ting procedure. All other states are predicted, particularly

those with spins 2 and 3.
In Fig. 2 we give the spectrum for spin 0 and 1 meson
IIl. APPLICATION TO THE MESON SPECTRUM stateswithout any particle number changing interaction. On
each side of a level the flavor quantum numbers and its de-
The Hamiltonian(12) commutes with the isospin operator generacy are indicated. This serves to illustrate that the mul-
and it does not depend explicitly on the hyperchargés a tiplicity at energies lower than 2 GeV is already very large.
consequence, all states that belong to the same flavor irréfhis is a consequence of the various manners in which the
are degenerate. In principle, we can add terms proportionalame set of quantum numbers can be obtained, for a given
to T2, Y, andY? in order to lift the degeneracy. These terms configuration, when many quarks, antiquarks, and gluons are
will add new parameters to the four already presesy (S  considered. This is known as tmeultiplicity problem The
fixed, as in Ref[6]). Also, a flavor mixing term could be result of the best fit values, obtained after the interaction is
added, as suggested by thexn’ mixing [26]. In order to  turned on, is given in Figs. 3—6 for spins 0, 1, 2, and 3,
simplify the discussion, we shall first ignore these additionakespectively. Only states that correspond to nonexotic parity/
interaction terms. charge conjugation quantum numbers are shown. Most of
In fitting the spectrum of the mesons we will use, as anthem appear above 2 GeV and some can be deduced from the
experimental input for each multiplet, only the state with gluon spectrum published in Ref6]. In Figs. 3—6 each

2500 F T T T T T ]

——(0,0) (1,1) ——%——(0,0) (1,1)
2000 —%—(0,0)g (1,1)g ————(0,0)7 (1,1)7
0,0

1500 | B
FIG. 2. The meson spectrum for spin 0 and 1

s e (D) ; .
2 (0.0 (11 i .02 (1.1 states, for the case of no interaction. The value
u m;=0.33 GeV was used. Note the large multi-
1000 8 plicity appearing at already low energies.
——*——(0,0) (1,1) —————(0,0) (1,1)
500 B
0 4I-+ I+ -I++ I+ !
0 0 1 1 1
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2500 T T T

==
2000 ! g "-U—x—< 0.0
”””””””” ——(1,1)

»—n—<El,1§ 0,0)
———— (1) (0,0
———>—(0,0)

Nl === i

——=——=(11) (0,0

1500 e | 4
D) 5 %11 00)

- FIG. 3. The meson spectrum for spin 0, as
obtained from the fit to experimental ddt7].

E [MeV]

1000 | —_— 4
* 1(0,0)

o ’ —F———(1,1)

1

Exp 0™ Theo Exp 0" Theo

theoretical spectrum is compared to the experimental one. The spin 2 and 3 states were not adjusted. The theoretical
On the right hand side of each level the theoretical interpreresults seems to agree with the data, because the states are
tation in terms of flavor and the multiplicity is indicated. On predicted at the correct energy domain. The density of states
the left hand side of each spidf®) the experimental infor- for a given flavor also seems to be reproduced.

mation is given, taken from Ref27]. The energy of these In Table Il we show the quark-antiquark pair and gluon
states, appearing in the summary table of R&T], is given  pair contents of some selected states. The total number of
in boxes and the experimental error is reflected by the size ajuark-antiquark pairs is denoted by,), where the symbol

the box. If the error is very small, the box is replaced by a(- - -) indicates the expectation value of this number. The
line. States that are not in the summary table of R&f] are  quantity(n;;) gives the average number of boson pairs of the
indicated by dashed boxetines). Only states that corre- type[ij], while (ny) is the expectation value of the number
spond to isospin singlet and hypercharge zero, after havingf gluon pairs with spin zero. The total number of gluons is
corrected for the isospin mixing, are listed. twice (ng).

Note that very few states have a multiplicity. Most states The structure of the calculated ground stépdysical
were pushed upwards due to the interaction. This is an effeatacuun) is an interesting piece of information about the
of the interaction, because it changes the number of particlamnodel’s predictive power. The calculated value of the ground
and relates the quark-antiquark sector with the gluons. Modstate energy is equal te 0.726 GeV. The physical vacuum
els with a particle conserving interaction will always presentstate contains about 3.1 quark-antiquark pairs of fyipé],
the multiplicity problem. Thus, the particle mixing interac- and the other configurations contribute with 0.06 pairs. The
tion is essential to remove the multiplicity problem. dominance of thg 1,0] quark-antiquark pairs is consistent

2500 T T T T T T T T T

2000 -

—%—(0,0) (1,1),
T ——x—(1,1)

1500 + - =
5 —%—i(11) | —%—1(0,0) (1,1
@1 L,,,E,,,J;+¢El’l;( ) L5 % 00 @y

—e— FIG. 4. The meson spectrum for spin 1, as
= obtained in a fit to experimental dafa7].

1000 q

—e—r—%—(1,1)

— & —+—=%—(0,0)

E [MeV]

500 - b

Exp 1" Theo Exp 17" Theo  Exp 17 Theo
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2500 -

2000 -

1500 q

%‘ FIG. 5. The meson spectrum for spin 2, ob-
= tained with the parameters fixed by the fitting
w 1000 - | procedure. Experimental data are from Ref].
500 | q
Exp 2"+ Theo Exp 27* Theo Exp 27 Theo

with the strengths of the interactions. The parameters, obspectrum is described qualitatively by our model, as well as
tained in the fit, arem;=0.33 GeV, V,,=0.0337 GeV, several other features, such as the positions of the first states
Vo1=0.0422 GeV, V,,=0.1573 GeV, and V;; with spins 2 and 3, the density of states with flay@j0) or
=0.0177 GeV. The channglL,Q] is clearly the strongest (1,1) for each spin and parity, and charge conjugation num-
one. Also, the number of gluons is noticeable, i.e., 1.7 pairsher.

which correspond to more than three gluons contained in the Concerning baryons, we have to include them yet in the
elementary hadron volume. This indicates a collective behavmodel. Up to now they are described as spectators, i.e., with-
ior of QCD states at low energy. Indeed, the pion sfate-  out having an explicit coupling to the quark, antiquark, and
responding top(541) in Table 1] contains about 2.7 pairs of gluon sea. For that, further interaction terms should be intro-
the type[1,0] while the rest contributes with about 0.06 duced. For example, one can introduce the interaction
pairs, as in the ground state. The number of gluon pairs in the

pion, 1.2 pairs or 2.4 gluons, is similar to the number of nD,(O,l)O(bTJr b)+nD,(2,0)l(bT+ b), (13
gluon pairs in the ground state. They constitute about 30% of

the particle content. In brief, the calculated states contain herenp (, ,)s is the number operator ofdiquark coupled
large number of quark-antiquark pairs and gluons. Roughlyo flavor (\,«) and spinS. This is analogous to the above
speaking, no single state can be described approximately lynsatzof the Hamiltonian. The product of two pair creation

a pure quark-antiquark pair. Note that in this respect theorypperators of diquarks cannot appear because this would mix
and experiment do agree, in spite of the simplicity of thethe baryon number. The interaction in Ed.3) is a direct
model. We think that the complex structure of the mesorextension from the pair operator interaction of the former

3000 | @ﬁﬁ(g:g) gﬁii —— 0
% E0,0i 1,1 2  — — 26‘63
1,1 i
2500 % 818 &B 4
E%:%g
L [ttt uluttiuto
2000 7 - R— 1
3
=3 FIG. 6. The meson spectrum for spin 3. Ex-
L 1500 - perimental data are from ReR7].
1000 4
500 A
Exp 3t Theo Exp 37 Theo
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TABLE II. Particle content for selected states. In columns we indicate the theoretical efigggy (the
flavor [ (N, )], spind, and parity ¢r), expectation value of the boson pairs in the chaiibd) 0~ ((n,g)),
expectation value of the total number of quark-antiquark pging)), and the total number of gluon pairs
({ng)) with spin 0.

Particle Etheo (Nfomr) J7 (N1 (ng) (ng)

Vacuum 0.0 (0,0 o* 3.118 3.177 1.705
f,(400-1200) 0.656 (0,0 0+ 0.457 0.471 0.321
f(980) 0.797 1,2 0" 3.781 3.832 1.495
f1(1420) 1.445 (0,0 1+ 2.392 3.434 0.902
f,(1270) 1.363 (1,1 1+ 2.464 3.519 0.993
7' (958) 0.885 (0,0 0~ 2.509 3.562 1.292
7(1440) 1.379 0,0 0~ 0.773 1.790 0.444
7(541) 0.602 1,0 0 2.711 2.766 1.163
7(1295) 1.428 1,1 0 1.611 1.638 0.531
7(1760) 1.671 1,2 0~ 3.535 4,581 1.254
w(782) 0.851 (0,0 1 2.563 3.621 1.341
$(1020) 0.943 1,2 1 2.394 3.438 1.198
(1420) 1.389 (1,1 1 0.853 1.870 0.468
»(1600) 1.639 (1,1 1~ 3.546 4.597 1.206

Hamiltonian. The first term in Eq13) acts only on states with many quarks and antiquarks are considered. This par-
like the nucleon octet and the last one on particles like theicle changing interaction also introduces ground state corre-
baryon decouplet. The residual interaction will mix the num-|ations resulting in many quarks, antiquarks, and gluon con-
ber of gluons, and, mainly, increase the gluon content in théigurations in the states. It produces a large contribution of
baryons, from a gluon content of about 30% to, say, 50%the gluons and the total spin is not a simple product of a
The inclusion of baryons will be reported in another Workquark_antiquark State, but of many quarkS, antiquarks' and
[28] . gluons. This illustrates the fact that, even at low energy, the
structure of the hadron states is by no means as simple as
suggested by earlier particle conservation models. It also
shows that phenomenological potentials, which simulate the
In the present paper we have advanced a schematic modglesence of gluons in a pure quark model, cannot resolve the
of QCD, based on a Lipkin-type model for fermions and anproblem of multiplicity.
interaction to one gluon pair states. We have discussed the
low energy structure of the model. The Hamiltonian is com-
posed of a diagonal, particle conserving part, and an interac- ACKNOWLEDGMENTS
tion that couples the quark-antiquark pairs to the gluons and
changes the number of particles. The model contains only We are pleased to thank Professor M. Moshinsky for his
four parameters that were adjusted to reproduce 13 observednewed interest in our work. We acknowledge financial sup-
meson states with spins 0 and 1. After fixing these paramport through the CONACyYT-CONICET agreement under the
eters, we have predicted the remaining part of the spectrunproject name “Algebraic Methods in Nuclear and Sub-
The complex structure of the meson spectrum was qualitahuclear Physics” and from CONACYT Project No. 32729-E.
tively reproduced by our results. S.J. acknowledges financial support from the Deutscher Aka-
Due to the schematic nature of the model, one cannogemischer Austauschdief®AAD) and SRE. S.L. acknowl-
expect to be able to reproduce all details of the low energydges financial support from DGEP-UNAM. Financial sup-
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agreement with data, a fact that shows the validity of the

model as a toy model for QCD. Baryons were not consid-

ered, but the extension to this sector was briefly indicated.pppENDIX A: THE EIGHT DIMENSIONAL OSCILLATOR

The baryons would correspond to states where three extra

quarks are added in the upper level. The corresponding op- The reduction of the eight dimensional oscillator group,

erators will commute with the boson pair operators and anJ(8), to theflavor group S(3) is discussed in Ref6]. As

interaction of baryon states with the quark-antiquark seaan intermediary group, between U(8) and;&), one can

should be included in the model. use the SO(8) group. Though in Rg6] only the reduction
We have found that the inclusion of particle mixing inter- to flavor singlet groups is listed, the general procedure is

actions turns out to be essential in order to remove the muleutlined. Programs are available on requé$i and the pro-

tiplicity problem encountered in other models, when statesedure has been published elsewH&@.

IV. CONCLUSIONS
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The generators of the U(8) group are given by TABLE lll. The first column gives the Young diagram of the
bzrl‘l)fl,oo' bi1.r,.00, Where the zeros refer to zero spin and its U(8) group, the second column the irrep of the flavor group(SY

projection. Therefore, these bosons can only contribute to thta%ned Jgi;ﬂ:ﬁ;ggr&naﬂ\éeg tlk)lzrn;ulilgfehé:lty of the flavor irrep. Only
flavor content. In Table Il we list the flavor content of up to P, ' ’

fo'ur' bosc_)ns of the t.ypbgtl‘l)fjoo. As one can see, the multi- u(8) SU(3) Multiplicity
plicity raises especially for thé¢l,1) flavor irrep. With the
help of theSO(8) group one can further reduce the multi- [2] 0,0 1
plicity. For our purpose this is not necessary. (1,0 1
[1%] 0,0 0
1,9 1
APPENDIX B: PARITY, CHARGE CONJUGATION, AND G
PARITY (3] 0.0 !
1,9 1
The charge conjugation operator acts as follows on thé21] 0,0 0
qguark and antiquark creation operators: (1,7 3
[1%] (0,0 1
t —1_ 4t T —1_ .t (1, 1
Cagy, C'=dy,, Cde, Cl=ay,, (BI [4] 0,0 1
1D 2
where thea' transforms in color and flavor as(#,0) SU(3) [31] (0,0 0
irrep, while thed' transform ag0,1). If one of the color or (1,2 1
flavor index is raised then th# transform ag1,0). The “c” [2?] (0,0 2
and “f” refer to the reflection in the magnetic quantum num- 1,1 2
- 2
bers of SY3). That is,f stands forY, T, andT, and f for ~ [21] 0,0 1
=Y, T, and—T, and similarly for “c.” 4 (1,9 4
With this, the action of the charge conjugation operator[1 ] 0.0 L
ona quark-antiquark pair is given by (1D 1
t -1 T I 1 1 -1
C-BliswC=C X al . d (1L0f1,(0)f,|(N\ . N)f)1| 501,502/ SM|C
' cfifroi0)p 171 7272 2 2
=S i Al (LOf L0 A | om0 SM
ety ooy 3?202 O (OO el (A A )T 501,502
— S &l (10T 0T 201 0a SM
et oo af’zgz oty \ BT (U DTRl (A, A )T | 501,507
=— (=128 N gt gl ((1,07,,(0,Df|(Ag A ) F) 1ot SM|=(-1)sB- B2
= ( ) ct,fom 0 %0_2' Cf101<( ’ ) 21( ’ ) l|( 1 1) >]_ 20-]_12 (0] —( ) )\f.SlM' ( )

where we made use of the properties of the SU@)| and SU(3)[23] Clebsch-Gordan coefficients. The subindex 1 in the
SU(3) Clebsch-Gordan coefficient indicates a multiplicity of23].
For the product of two pair operators we have

OB}, 5, 8B, s JiNCT=C 2 Bl smy Bl smi (M M) T 02 A f2l (L) Dy SiM1, S Mo SM)C

= > (-1%eB ¢ .

S, AT SM, }\2?2'52M2<()\11)\l)fl1()\2!)\2)f2|()\!/'l’)f>p(slMllSZM 2|SM)

+

“A— — T e e I\
:(_1)51+52 NTH Pmaxp B)‘lf_l'slMl.B)‘zf_z'SZMZ«)\l,xl)fll()\z’)\2)f2|()\’u)f>p

f1f,M 1M,
X(S$;M1,S,M,|SM)

=(~1)%rS e [B] (@B AN, (83)
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wherep is the multiplicity index of {,x) in the product £1,A1)®(\5,\>5).
For the product of three pairs we have

C{[B], 5,®B] o ]0uzrdSugB] o }fmSct

_ T t 1(M2.#12)S12~-1
= > By,s,® szsl]flzl,\zn 121 C
f12f3M M3

xC- B)taf3S3M3'C71<()\121/L12)f121()\3v)\3)f3|()\uu)f>p(512,vl 12, 5M3[SM)C™*

= 2 (—1)Stt S22 #1zt Pramax Py Bl . oBf (k12,1 12)S12
AS T NS M
f12f3M M3 12M12

X(=1)%B] 1 g ((N12.019) 12, (N3 Ng) Tal (N, ) F) o (S1oM 10, SsM 3| SMIC

:(_1)51+52+53*)\12*M12+P12max*P12 E [BI

(n12,A19)S
® BI 12 12) 12
f12f3 Vii2vi3

151 2517 My,

1t e re I o\ — _
XBx3?333M3<(M12’>\12)f12a(7\3,>\3)f3|(,“,7\)f>p(—1)A12+”12 MR PmaxP (S, M 15, S3M 5| SM)

=(—1)S1t S S A wtpazmac prztemac (B @ B! SZ](/’-12’}\12)v812®BI 83%\/"}‘)'5, (B4)
1:°1 2 3 ’

with the use of the notation of Ref23] for the SU(3) Clebsch-Gordan coefficients and their symmetry properties.
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