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The second-forbidden electron-capture~EC! transition123Te(1/2g.s.
1 )→123Sb(7/2g.s.

1 ) is analyzed in the frame-
work of the proton-neutron quasiparticle random-phase approximation~pn-QRPA! and by using the
quasiparticle-phonon coupling scheme. The quality of the model used to construct the phonon wave functions
is supported by the analysis of the calculatedf t values forb-decay transitions feeding states in122Te. The
initial stateJi

p51/2g.s.
1 is represented as a pure one-quasineutron state in the 2s1/2 orbital and the final state

Jf
p57/2g.s.

1 is constructed by diagonalizing the quasiparticle-phonon coupling Hamiltonian in a basis consisting
of a quasiproton state and quasineutron states coupled topn-QRPA phonons. The influence of high-lying
single-particle orbitals, in contributing to the nuclear transition matrix element, is discussed. The obtained
theoretical result for the considered second-forbidden EC transition is in good agreement with the data.
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I. INTRODUCTION

The most stringent tests on the predictive power of
currently adopted models of nuclear structure are nowad
provided by the experimental measurements of very r
electroweak decays such as the nuclear double beta d
@1#, the nuclear (m2,e2) conversion, and highly forbidden
b-decay and electron-capture~EC! processes@2#.

Recently, experimental data on second-forbidden EC tr
sitions in 123Te were reported by Alessandrelloet al. @3#. The
measured half-life for the second-forbidden electron-cap
transition 123Te(1/2g.s.

1 )→123Sb(7/2g.s.
1 ) is of the order of

1019 yr, therefore, comparable to some of the measured h
lives for other very rare electroweak decays such as the t
neutrino nuclear double beta decay@1#. As for the case of
nuclear double beta-decay transitions, where the nuclear
trix elements are suppressed, a theoretical explanation o
matrix element of the second-forbidden EC transition
123Te is a very severe test on the nuclear models use
calculate the observables. We have taken this as a motiva
for the present work.

In a manner similar to the one that we have used for
treatment of nuclear double-beta-decay transitions@4#, we
have considered the various elements entering in the ca
lations in a systematic approach. We are mainly intereste
revealing the basic degrees of freedom participant in the
cay process, rather than searching for a casual agree
with data. Like in the case of the nuclear double-beta-de
calculations, the case of second-forbidden EC calculati
may require the knowledge of very small components of
participant wave functions, or the final observables may
the result of subtle cancellations among relatively large c
tributions to individual transition-matrix elements. Consid
ing this point of view, we have adopted as a suitable th
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retical framework the combined quasiparticle~BCS method!
1proton-neutron quasiparticle random-phase approxima
~pn-QRPA! approach@4#. Using this scheme we have calcu
lated the spectrum of122Sb and the first-forbiddenb2-decay
transitions feeding the ground and excited states of122Te. In
this way we have fixed the parameters of the two-bo
interaction used to construct the matrix elements of
pn-QRPA. Next, without changing these parameters, we h
calculated the matrix elements of the quasiparticle-vibrat
coupling Hamiltonian, forpn-QRPA phonons, and diagona
ized it to construct the wave function of the final stateJf

p

57/2g.s.
1 , which is the ground state of the nucleus123Sb. With

these elements we have calculated the matrix elements o
electroweak operator responsible for the second-forbid
EC transition. Finally, we have studied the dependence of
results on some of the assumptions made in the present
culations and in the calculations of Ref.@5#.

This paper is organized as follows. The basic details
the formalism are presented in Sec. II, the details of
calculations are given in Sec. III and the results are prese
and discussed in Sec. IV.

II. THE FORMALISM

The basic elements needed to calculate the matrix
ments of a nuclear electroweak transition are introduced
the following sections. They are based on well-known the
ries and we are referring to them for the sake of comple
ness. Further details can be found in the literature.

A. The pn-QRPA formalism

The standard version of the QRPA@6# was extended sev
eral years ago to describe excited states in odd-odd m
nuclei @7# and applied to the study of allowedb-decay tran-
sitions. The formalism was later on extended to descr
spin-isospin dependent excitations of the first-forbidden ty
@8# as well as double-beta-decay transitions@9–11#. Concern-
ing double-beta-decay transitions, the formalism was app
©2001 The American Physical Society12-1



ea
en

th
c-
on

icl

at

v

th
th
t
.
op
in
to
n
cle
ar

n

d

, f
f t
y
l-

d

ole

, we
the

ura-
ng
of

is

ee

ua-
ed in

e
we

s-
n-

of
on
2

les
e in-

ed
at

have
s
par-

ate
or

O. CIVITARESE AND J. SUHONEN PHYSICAL REVIEW C64 064312
for different types of interaction@4# and agreement with the
weak-coupling shell-model results@12# was obtained after
particle-hole and particle-particle channels of the nucl
two-body residual interaction were treated in a consist
manner@10#.

In the case of charge-exchanging excitations,
pn-QRPA equations@13# are solved for states whose stru
ture is given in terms of the following one-phonon creati
operators:

G†~JM,k!5(
pn

@X~pn,Jk!A†~pn,JM!

1Y~pn,Jk!Ā~pn,JM!#, ~1!

where X(pn,Jk) and Y(pn,Jk) are the forward- and
backward-going amplitudes of proton-neutron quasipart
pairs coupled to angular momentumJ and its projectionM.
These quasiparticle pairs are created~annihilated! by the op-
eratorsA†(pn,JM) @A(pn,JM)#, as defined in Ref.@13#.
As usual, the notationŌ(JM)5(21)J2MO(J2M ) is
adopted to indicate time reversal@14#. The indexk is the
eigenvalue index. The one-phonon state with energyvk is
the result of the action of the one-phonon creation oper
G† on the correlated vacuum

uJM,k&5G†~JM,k!u0&. ~2!

Thepn-QRPA method has been reviewed in detail in se
eral previous works~see, e.g., Ref.@4#! and we shall avoid
its further discussions here. The relevant feature of
pn-QRPA set of eigenvalues, concerning the scope of
present calculations, is that all the parameters entering in
definition of the effective two-body interaction will be fixed
The necessary input consists of the available spectrosc
information about low-lying proton-neutron excitations
122Sb and thef t values for transitions from this nucleus
states in122Te. In this manner unphysical effects due to u
realistic renormalizations of strength of the particle-parti
and particle-hole channels of the two-body interaction
avoided.

B. The quasiparticle-phonon coupling

The wave function of the final state, in123Sb, is written as
the linear combination

u7/2g.s.
1 &5af~g7/2;7/21!ug7/2~p!&

1(
nJ

af~nJ;7/21!unJ;7/21&, ~3!

where the first component corresponds to the contributio
a pure quasiproton state in theg7/2 orbit and the terms in the
sum represent the contributions of quasineutrons couple
charge-exchange phonons withJp511,22,31. The phonons
included in the basis are the ones with the lowest energy
each multipolarity, and they represent the lowest states o
spectrum of 123Sb. Their wave functions are obtained b
applying thepn-QRPA formalism and they are tested by ca
06431
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culating thef t values forb-decay transitions to the groun
and excited states of122Te, as we shall show later.

The coupling of quasiprotons to the lowest quadrup
phonon~charge conserving! will certainly contribute to the
higher part of the spectrum of123Sb. Since only tentative
spectroscopic classifications of these levels are available
cannot test the accuracy of the calculations based on
coupling between the quasiproton in theg7/2 andd5/2 orbits
to the lowest quadrupole phonon in122Te. However, based
on the unperturbed values of the energy for these config
tions, we shall neglect the effect of this coupling in deali
with the quasiproton contributions to the ground state
123Sb. Naturally, this will be a poor approximation if one
dealing with specific properties of the excited 3/21 and 5/21

states in 123Sb, where the mixing between one and thr
quasiparticle states may be important@15#.

The matrix elements of the Hamiltonian that couples q
siparticles and charge-exchanging phonons are construct
the way described in Ref.@16#. Since we are working with
realistic matrix elements of the two body interaction, w
must construct the vertex functions accordingly. Thus,
have defined the vertex functions

f s~pn,Jk!5 (
p8n8

V~p8,n8,p,n;J!@2up8un8X~p8n8,Jk!

1vp8vn8Y~p8n8,Jk!#, ~4!

and

gs~pn,Jk!5 (
p8n8

V~p8,n8,n,p;J!@2up8un8Y~p8n8,Jk!

1vp8vn8X~p8n8,Jk!#, ~5!

whereV(p8,n8,n,p;J) are the matrix elements of the reali
tic two-body interaction acting on proton-neutron pair co
figurations coupled to total angular momentumJ @6#. With
these vertex functions the off-diagonal matrix elements
the quasiparticle-vibration coupling Hamiltonian acting
the components of the wave functions of the set of 7/1

states in123Sb are written

^nJ;7/21uHqp-vibup;7/21&

5 f s~pn,Jk!vnup1gs~pn,Jk!vpun . ~6!

Similar expressions, for the coupling between quasipartic
and charge-exchanging phonons in the case of separabl
teractions, can be found in Ref.@17#.

It is worth mentioning that the two-body interaction us
to construct the matrix elements of the Hamiltonian th
couples quasiparticles and phonons is the same that we
used to solve thepn-QRPA and QRPA equations. In thi
manner the present treatment of the vibrational and quasi
ticle degrees of freedom is fully consistent.

C. The EC transition operator

The second-forbidden EC transition from the ground st
of the nucleus123Te is governed by the action of the operat
2-2
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O3Mt15 i 2r 2(Y2s)3Mt1. After expressing it in the standar
second quantization form, it can be transformed to the q
siparticle representation. The terms resulting from this tra
formation can create or annihilate a quasiproto
quasineutron pair or change a quasineutron into
quasiproton~and vice versa!. For the study of the transition
we are concerned with, the charge exchange between
quasiparticle components of the initial (2s1/2) quasineutron
state in123Te and the final (0g7/2) quasiproton state in123Te
is strictly forbidden by the selection rules of the transiti
operator. The two-quasiparticle terms of the operatorO3Mt1

are the only ones acting in the transition and they are wri
as

~O3Mt1!pairs5
1

A7
(
pn

^nuuO3uup&@unvpA†~pn,3M !

1vnupĀ~pn,3M !#. ~7!

These terms can be expressed in terms of one-phonon
ation and annihilation operators, for charge-exchang
phonons, as

~O3Mt1!(pn-QRPA)5(
k

@lkG
†~3M ,k!1mkḠ~3M ,k!#,

~8!

where the indexk is the eigenvalue index of thepn-QRPA
phonons and the amplitudeslk andmk are defined as

lk5
1

A7
(
pn

^nuuO3uup&@unvpX~pn,3k!1vnupY~pn,3k!#,

~9!

and

mk5
1

A7
(
pn

^nuuO3uup&@unvpY~pn,3k!1vnupX~pn,3k!#.

~10!

D. Reduced matrix elements

The collective~one phonon! contribution to the reduced
matrix element corresponding to the transition between
ground state~g.s.! and a given one-phonon state is written

^31,kuuO3uu0&5A7lk . ~11!

Following the discussion about the wave functions of
initial and final states, advanced in the previous section,
can write for the reduced matrix element of the transit
123Te(1/21, g.s.)→123Sb(7/21, g.s.) the following two
contributions:

^7/21,123Sb,g.s.uuO3uu1/21,123Te,g.s.&collective

5ai~s1/2!af~s1/231
1 ;7/21!A8

7
l1 , ~12!
06431
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which corresponds to the process where the ini
quasineutron state is a spectator and is not affected by
transition operator which creates theu31k51& one-phonon
state of the final configuration, and

^7/21,123Sb,g.s.uuO3uu1/21,123Te,g.s.&coupling

5ai~s1/2!A8(
nJ

af~nJ;7/21!(
p

X~s1/2p,Jk51!

3unvp^nuuO3uup&H 1/2 p J

n 7/2 3J , ~13!

which corresponds to the terms where the transition oper
is acting upon a quasiproton state of the one-phonon com
nent of the final state.

Both Eqs. ~12! and ~13! are dependent upon the wav
function of the initial state, represented by the amplitu
ai(s1/2). The assumption that this is indeed the domina
component of the wave function of the ground state of123Te
is based on the fact that this component exhausts about
of the one-neutron transfer data, as stated in Ref.@5#. For the
sake of completeness we have considered the unpertu
energies of other potential components of the wave funct
such as theg7/2 quasiproton state coupled to the 31 state of
122Sb, as well as thed5/2 andd3/2 quasineutron states couple
to the first excited quadrupole state of122Te. This has been
done to estimate the order of magnitude of the coupling t
could eventually introduce further admixtures in the wa
function of the 1/21 ground state. This mixing can eventu
ally renormalize the amplitude of the pures1/2 quasineutron
state. Considering the actual values of their energies, and
fact that they will not contribute directly to the transition du
to angular momentum conservation, we can eventually
the coefficientai(1/2) vary between 0.9–1.0, if necessary,
account for these extra couplings. As we shall discuss la
this freedom is not affecting the physics of the decay.

III. DETAILS OF THE CALCULATIONS

The single-particle basis used in the calculations consis
of proton and neutron single-particle levels from the sh
closureN5Z520 up to the shell closuresN5126 andZ
582. They have been obtained as solutions of the cen
Woods-Saxon potential, including Coulomb corrections
proton states. The parameters of the potential were ta
from Bohr and Mottelson@14#. In this basis we have solve
the BCS equations by considering the monopole terms of
two-body interaction constructed from the Bonn one-bos
exchange potential~OBEP! @18#, as described in Ref.@10#.
Concerning the quality of the results we have compared
obtained values for the BCS gap parameters with the
served ~or extrapolated! odd-even mass differences. Fe
small adjustments in the distribution of single-particle lev
around the shell closureN5Z550 were implemented in or
der to better reproduce the known sequences of one-par
~quasiparticle! states, within the limitations imposed by th
near-degeneracy of the lowest portion of the spectrum
these nuclei.
2-3
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The theoretical spectrum of excited states in theA5122
nuclei Sb and Te was constructed by solving thepn-QRPA
@13# and standard QRPA equations@6# in the above intro-
duced quasiparticle basis. The equations were solved by
ing two-body matrix elements, for each multipolarity, co
structed from the OBEP. Since the parameters of
interaction have been adjusted to reproduce the known e
getics of non-charge-exchanging~proton-proton and neutron
neutron! and charge-exchanging~proton-neutron! modes in
122Sn, 122Te, and122Sb, respectively, no further renormaliz
tions of the interaction were needed. The strength of
particle-hole and particle-particle channels of the interact
were fixed, as described in Ref.@13#. As an indication about
the quality of the wave functions, obtained by solving t
pn-QRPA and QRPA equations, we are showing, in Table
the comparison between theoretical and experimentalf t val-
ues for lateral first-forbiddenb2 transitions feeding states i
122Te ~the data are taken from Ref.@19#!. As seen from this
table, the agreement between the calculated values and
data is good. We want to point out that these calculations
a necessary test of the wave function of the firstJp522 state
in 122Sb.

IV. RESULTS AND DISCUSSION

In the first part of this section we present and discuss
results and in the second part of it we compare our res
with the ones of Ref.@5#.

As we have said before, we have done, first,pn-QRPA
calculations of the set of states with low multipolarities
122Sb and fixed all parameters of the calculations to setup
spectrum and wave functions of the firstJp511,22,31

states. The state with lowest energy obtained in the calc
tions is aJp522 state and the nearestJp511,31 states
were found within 1 MeV respect to the lowest 22 state,
without further changes in the values of the proton-neut
particle-particle coupling strengthgpp for any of these chan
nels. Next, we have diagonalized the Hamiltonian~6! with
couples a quasiproton state with different configurations
quasineutrons coupled to charge-exchange phonons. T
are the dominant terms needed to calculate the wave func
of the lowest state state in123Sb. The dominant contribution
of the wave function of the lowestJf

157/21 state is the
quasiproton state in the 0g7/2 orbital ~90%!, followed by con-
tributions given by the coupling of the first 22 state of122Sb
to the 0h11/2 quasineutron orbital~less than 10%! and by

TABLE I. Experimental and calculated log-f t values for transi-
tions from theJp522 ground state of122Sb to low-lying (Jk

p)
states in122Te. Data are taken from Ref.@19#.

Jk
p log-f t ~expt.! log-f t ~th.!

0g.s.
1 9.65 9.65

21
1 7.61 7.73

41
1 10.43 10.81

22
1 7.69 7.66

01
1 10.09 9.22
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small contributions~of the order of 1%! corresponding to the
coupling between the lowest 11 state of 122Sb with the
quasineutron orbitals 0g9/2, 0gd7/2, and the lowest 31 state
of 122Sb with the quasineutron orbitals 2s1/2 and 1d5/2.

We have then proceeded with the calculation of the c
tributions of Eqs.~12! and ~13! to the total matrix element
The results are shown in Table II. The involved radial mat
elements have been calculated by using harmonic oscill
radial wave functions. We have performed calculations us
different values ofgpp(J

p531) and we have studied th
effect of the fragmentation induced by high-lying neutr
orbitals. The largest contributions to the matrix element
produced by the collective part, Eq.~12!, as seen from the
results shown in Table II. We have verified that the inclusi
of neutrons orbitals above the shell closure atN5126 tends
to decrease the value of the collective contribution~12! and
to increase the value of the contribution~13!. The increase of
the value ofgpp(J

p531) tends to decrease the value of th
collective terml1 of Eq. ~12! but this effect is compensate
by the changes of the wave function of the final state, wh
gets a larger contribution from theus1/231

1 ;7/21& configura-
tion. This is a trivial effect caused by the decrease in
energy of the first 31 state for increasing values ofgpp, and
it results in an overall increase of the contribution~12!, as
one can see from the values given in Table II. Since we
not have observables to test the wave function of the first1

state, as we do have to the test the wave function of the2

state, we have to rely upon this relative variation to ass
the quality of the calculations. The resulting theoretical m
trix element, which is the sum of the contributions~12! and
~13!, varies between 0.020 fm2 (gpp51.1) and
0.025 fm2 (gpp51.5). The experimentally extracted matr
element is of the order of 0.033 fm2 @for (gA /gV)5
21.23]. It is seen that the experimental matrix element c
be reproduced within factors of the order of'1.5. Therefore,
one can say that, in principle, all the elements needed
explain the data have been included in the model and
further adjustments of the theory would produce the corr
results. Notice that, since the amplitude of the init
quasineutron states1/2 is a common factor of both Eq.~12!
and Eq.~13!, a renormalization of the amplitudeai(1/2) by a
mere 10% does not change this picture significantly.

Next, we can turn to the discussion of some features
the present work in relation with the results reported in

TABLE II. Contributions to the matrix element of the transitio
123Te(1/2g.s.

1 )→123Sb(7/2g.s.
1 ). The results of Eqs.~12! and ~13!, the

total matrix element, and the ratio between the theoretical and
perimental half-lives are shown. The matrix elements are given
units of 1022 fm2. The second and third columns show the resu
obtained for two different values ofgpp(J

p531), as indicated in
the table.

Term gpp(J
p531)51.1 gpp(J

p531)51.5

Collective 2.54 3.11
Coupling -0.57 -0.62
Total 1.97 2.49
Half-life ratio 2.98 1.76
2-4
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work of Ref.@5#. The authors of Ref.@5# have restricted their
discussion to the collective part@see Eq.~12!#, which in their
work was calculated making use of a Skyrme-type of eff
tive interaction. They have performed apn-QRPA analysis of
the wave function of the first 31 state in 123Sb, by varying
the strength of the particle-particle proton-neutron inter
tion (gpp). They found a strong dependence of the resu
upon this degree of freedom. As they mention in their co
clusions, by slightly renormalizing the particle-particle inte
action, they were able to reproduce the experimental h
life. However, this good agreement was based on the cru
assumption that in the final wave function the amplitu
af(s1/231

1 ;7/21), of Eq. ~12!, would be of the order of 0.4
Actually, this assumption is not supported by the results
tained in the present calculation, which yields a sma
value for this amplitude~less than 0.01!. Also, as we have
discussed before, both the contributions~12! and~13! to the
total nuclear matrix element are relevant. In addition, th
both are dependent on the used parametrization of the
sidual interaction. Furthermore, the ratio between these
contributions@Eqs.~12! and~13!# is dependent on the chose
value ofgpp. Following the philosophy of the authors of Re
@5#, we have also investigated the sensitivity of the results
changing the value ofgpp in the Jp531 channel of the
proton-neutron interaction. In our experience, this variat
alone is not sufficient to reproduce the experimental value
the decay half-life. While it is indeed true, as the authors
Ref. @5# have pointed out, that one can eventually produc
strong cancellation of the term~12!, by varying gpp, it is
difficult to justify the physical meaning of the procedure. A
it is described in Ref.@4#, the meaning of a renormalizatio
of the valuegpp for proton-neutron interactions in theJp

511 channel can be understood in terms of symmetry
fects. In this context, the renormalization ofgpp for Jp

531 interactions lacks a physical interpretation. We felt th
it should not be taken as a free parameter adjusted to exp
the EC data, since there are other effects to be accounted
While the contribution~12! varies within a factor of the or-
les
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der of 30% by changinggpp from gpp51.1 to gpp51.5, the
contribution~13! remains roughly the same and it amounts
approximately 20% the magnitude of Eq.~12! and with op-
posite sign.

Considering all these, we think that a consistent theor
cal analysis of the transition must include the following e
ments:~i! the test of the quality of thepn-QRPA wave func-
tion of theJp52g.s.

2 on 122Sb, ~ii ! the consistent calculation
of the wave function of the low lying states in123Sb, by
using the same interaction and model parameters use
describe the states in122Sb, and~iii ! the inclusion of high-
lying neutron orbits, in addition to the shell closureh11/2 at
N5126, which are needed to collect intensity.

V. CONCLUSIONS

We may conclude this analysis by saying that the agr
ment between data and theoretical results supports the no
that the physics governing highly forbidden EC andb-decay
transitions very much resembles the classical example oE1
transitions@20#. As in that case, also here the total nucle
matrix elements are controlled by very small components
the participant wave functions that can contribute coheren
Therefore, the theoretical analysis of highly forbidden E
transitions, like the one considered in this work, may
strongly dependent also upon the number of single-part
states included in the calculations.
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