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Proton-neutron pairing effects in medium and heavy mass nuclei

O. Civitarese* and M. Reboiro†

Department of Physics, University of La Plata, C.C.67, La Plata (1900), Argentina
~Received 27 September 1996!

The consistency of the BCS approach in treating proton-neutron pairing correlations is examined. General-
ized BCS transformations, which combine proton and neutron states, are used to extract the pairing gap
parameter. This procedure gives energy gains due to the inclusion of proton-neutron pairing correlations, but
the effect is found to be restricted to small values of the neutron excess (N2Z). @S0556-2813~97!06708-3#

PACS number~s!: 21.30.Fe, 21.10.Dr, 21.60.Fw, 21.60.Ka
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The study of pairing correlations in finite nuclei has be
the subject of many efforts. For a review of the problem
reader is referred to Goodman’s review article@1#. Recently,
interest in the study of the interplay between different ch
nels of the pairing interaction has been renewed, particula
after the findings of Engelet al. @2# and Satula and Wyss@3#
about the balance between isovector and isoscalar com
nents of the interaction. The treatment of proton-neut
pairing correlations was found to be relevant, also, for
description of alpha-decay@4# and double-beta-decay studie
@5,6#.

Generalized gap equations have been obtained by G
man@7# which includeT50 andT51 pairing correlations in
the description ofN5Z nuclei in thes-d shell. In the work
of @7# the need for a self-consistent HFB calculation w
emphasized and the correspondence between this treat
and the method of Goswami@8# and Goswami and co
workers @9# was established. Concerning the case ofNÞZ
nuclei, the approach of@7# leads to an almost negligible con
tribution of proton-neutron~ T51! correlations in time-
reversed orbitals.

The effect of proton-neutron pairing correlations
heavy-mass nuclei was studied by Delionet al. @4# in dealing
with the calculation of alpha-decay observables. In the w
of @4# the effect of proton-neutron pairing in theT51 chan-
nel was found to be of minor importance and it was sho
that a renormalization of the proton-proton and neutr
neutron pairing correlations could be used to account
proton-neutron pairing effects.

At variance with the results of@7# and@4# the calculations
reported by Cheounet al. @5# and by Pantiset al. @6# seem-
ingly assigned a major role to proton-neutron pairing effe
in medium-mass and heavy-mass nuclei. The inclusion
these correlations, accordingly to@5# and @6#, leads to dra-
matic changes in the matrix elements for two-neutrino a
neutrinoless modes of nuclear double-beta decay.

The connection between pairing and isospin symmetry
proton-rich nuclei was suggested by Engelet al. @2#. In the
work of @2# the T51 channel of the pairing interaction ha
been calculated in a senioritylike model and it was found t
there exists an interplay between like-particle and unli
particle components of the isovector pairing, nearN5Z. In
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@2# the analogies exhibited by the features found in sc
matic model calculations@10,11# and by those of realistic
shell-model calculations have been pointed out.

Although the study ofpn-pairing correlations is by now
more than 20 years old, some questions are still open,
the dependence of these correlations on the neutron~or pro-
ton! excess, the asymmetry between single-particle orb
and the symmetry breaking induced by the renormalizat
of the pairing coupling constants. Also, the question of
suitability of the BCS transformation to account for the mi
ing between different pairing correlations is still open. Wh
some authors have advocated in favor of it@9# others @7#
have strongly opposed it, thus leaving a contradictory vi
of the problem.

In the present work we concentrate on the calculation
proton-neutron pairing correlations in time-reversed sta
with J50, which correspond to proton-proton, neutro
neutron, and proton-neutronT51 correlations. The resulting
T51 pairing-contributions are computed in this subspa
where the breaking of the isospin symmetry is enforced b
renormalization of the pairing coupling constant for unli
~proton-neutron! pairs. We have performed generalized BC
transformations for several nuclei with increasing neutr
excess. The equations, on which the formalism is bas
were also solved for the case of a single-shell model sp
@10,11#. By performing a boson expansion due to Evans a
Krauss @12# the exact solution of the Hamiltonian in th
single-shell basis is compared to the approximate BCS o

A brief review of the formalism is presented in the fo
lowing section, where the generalized BCS formalism and
exactly solvable model are introduced. We then discuss
results of the calculations, corresponding to various isoto
of the nuclei Ni, Zn, Ge, Se, Te, and Xe.

In the following, we shall briefly introduce the equation
which we have solved to describe proton-neutron~pn! pair-
ing correlations in time-reversed orbits. The formalism
well known and the details can be found in@8# and in @9#.
The starting pairing Hamiltonian is written as

H5(
jmt

e j tajmt
† ajmt

2
1

4 (
jm j8m8

(
tt8

Gtt8ajmt
† ajmt8

† aj 8m8t8aj 8m8t , ~1!

where the index (jmt) represents the angular momentum,
1179 © 1997 The American Physical Society
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1180 56BRIEF REPORTS
projection, and the isospin projection of the single-parti
~s.p.! state created~annihilated! by the operatora†(a); Gtt8
are the coupling constants of the separable monopole pa
interaction.

The pn BCS transformations have been applied to
T51 component of the Hamiltonian~1!.

In analogy to the case of light-mass~N5Z! nuclei @7# the
pn BCS transformation@9# reads

S cj 1
†

cj 2
†

c j̄ 1

c j̄ 2

D 5S u11j u12j v11j v12j

u21j u22j v21j v22j

2v11j 2v12j u11j u12j

2v21j 2v22j u21j u22j

D S ajp
†

ajn
†

a j̄ p

a j̄ n

D , ~2!

where for simplicity we have denoted by~j ! the full set of
quantum numbers which are needed to define a s.p. orbit
by ~p! or ~n! the corresponding isospin projections for pr
tons and neutrons, respectively. The elementsuik, j andv ik, j
of this transformation are constrained by anticommutat
relations and the transformation is unitary. The above in
duced 434 BCS matrix is just the limit of the generalize
~complex! 838 transformation of Ref.@7# for vanishing
T50 interactions@9#.

After some algebra, the transformed Hamiltonian can
written as the sum of a constant term (H0), a linear term in
the generalized quasiparticle operators (H11), and a pair cre-
ation ~annihilation! term (H20). The solutions for the coeffi-
cients of thepn BCS transformation are obtained by impo
e

ng

e

nd

n
-

e

ing the fulfillment of the number and gap equations.
pointed out in@7# the fact that one can find a solution do
not uniquely determine a set of physical values for the
rameters of thepn BCS transformation. In order to guarante
the physical meaning of a solution we have calculated
values ofH0 andH20 and checked the consistency ofH11 for
each set of parametersu and v. Physical solutions are re
stricted only to those leading to the smallest value ofH0 and
to a vanishing value ofH20. In order to grasp the main
features of the solutions which are obtained by using
above-described formalism, we shall briefly introduce an
actly solvable model@10#.

The Hamiltonian of this solvable model corresponds
the one-shell limit of Eq.~1!. The single-j basis includes two
V substates, herewith denoted by the indexk, and in this
basis the Hamiltonian~1! reduces to

H52GppAp
†Ap2GnnAn

†An2GpnApn
† Apn . ~3!

The definition of the pair operatorsA is given in @12#.
Together with the generators of the SU~2! group ~isospin!
and the number operators, these pair operators form the
gebra of the Sp~4! group@10,11#. The solution of the Hamil-
tonian~3! can be obtained by using the techniques develo
long ago by Hetch@10# and more recently used by Eng
et al. @2#. An alternative way of solving this Hamiltonian
consists of transforming it to a boson basis, by following t
method introduced by Evans and Krauss@12#. After expand-
e
FIG. 1. Number of proton pairs (Npp), neutron pairs (Nnn), and proton-neutron pairs (Npn), as a function of the difference between th
number of neutrons~N! and protons~ Z!, for the exactly solvable model discussed in the text and the corresponding gaps.
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56 1181BRIEF REPORTS
ing the operators which appear in Eq.~3! in terms of boson
operators and introducing the states

usnfNpNn&5
1

Anf ! ~Np2s2nf !! ~Nn2s2nf !!

3bf
†nfbp

†~Np2s2nf !/2bn
†~Nn2s2nf !/2u&, ~4!

wheres represents the seniority of the irreducible repres
tation of Sp~4! @10# and the matrix elements of the Hami
tonian ~3! are calculated.

Following the method of@2# one can estimate the numb
of like-particle pairs ~neutron-neutron and proton-proto
pairs! and unlike-particle pairs~proton-neutron pairs! by
computing the expectation value of the operators

Nnp5Apn
† Apn , Npp5Ap

†Ap , Nnn5An
†An . ~5!

The corresponding gap parameters are given by

Dnp5GpnA^Npn&, Dpp5GppA^Npp&,

Dnn5GnnA^Nnn&, ~6!

respectively.

FIG. 2. Self-consistent proton-neutron pairing gapDpn , as a
function of ~N2Z!, for the isotopes of Ni and with
Gnn5Gpp524/A MeV andGpn528/A MeV.

TABLE I. Values of the BCS pairing correlation energy@E05
E0(DÞ0)2E0(D50)] for the isotopes 60,62,64,66,68Zn. The
neutron-proton number difference (N2Z) is given in the first col-
umn, and the values ofE0 without (Gpn50! and with (GpnÞ0)
pn correlations are shown as case~a! and case~b!, respectively.
The corresponding values of the adopted pairing coupling const
areGpp5Gnn520/A MeV, Gpn526/A MeV, respectively.

N2Z E0 ~a! E0 ~b!

0 24.198 26.373
2 25.640 27.028
4 26.331 26.930
6 26.348 26.348
8 25.956 25.956
-

The results of the above-introduced formalism, for t
case of a single-j shell~with V510!, are shown in Fig. 1. As
described in the previous section, these are the expecta
values^Nnp&, ^Npp&, and^Nnn& of the operators given in Eq
~5!. As shown in this figure, the proton-neutron pair corre
tions are strongly dependent on the difference between
number of neutrons and protons, as pointed out in@2#. For
N5Z the expectation values are similar but a strong supp
sion of the number ofpn pairs is obtained, even for a rela
tively small value of the differenceN2Z ~N2Z52!. For
values of (N2Z.4) the number ofpn pairs saturates. This
result seemingly suggests that a renormalization of the o
channels~ pp andnn! can be introduced in order to includ
proton-neutron pairing interactions, as done in@4#.

Concerning the question of the persistence of this tren
a realistic case, with open shells both for neutrons and p
tons, we shall discuss next the results of thepn BCS trans-
formation, for several medium and heavy mass nuclei. T
single-particle basis used in the calculations correspond
an effective harmonic oscillator central potential, with Nil
son single-particle energies. For each of the considered c
the coefficients of the BCS transformation have been de
mined self-consistently. Each solution was then used to c
pute the value of the pairing correlation energy. The res
corresponding to isotopes of Zn and Ge are shown in Ta
I and II.

In the calculations, the coupling constant forpn pairing
channels differs from the coupling constant used for prot

FIG. 3. Self-consistent proton-neutron pairing gapDpn , as a
function of ~N2Z!, for the isotopes of Se and with
Gnn5Gpp516/A MeV andGpn520/A MeV.

ts

TABLE II. Same as Table I, for 64,66,68,70,72,74,76Ge with
Gpp5Gnn516/A MeV andGpn520/A MeV.

N2Z E0 ~a! E0 ~b!

0 28.762 214.738
2 28.673 212.167
4 27.386 28.754
6 24.099 24.099
8 24.404 24.404
10 26.506 26.506
12 26.905 26.905
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1182 56BRIEF REPORTS
proton and neutron-neutron pairing correlations. This is
important fact because the pure like-particle~proton-proton
and neutron-neutron! solution always dominates if thepn
coupling is not renormalized.

As seen in these tables, the energy gain due topn pairing
correlations vanishes for values ofN2Z.4. For the cases o
the isotopes of Te and Xe no energy gain has been obta
by includingpn pairing correlations.

The values ofDpn , for some of the nuclei considered, a
shown in Figs. 2 and 3. The similarities between the res
of the exactly solvable model~Fig. 1! and the realistic case
are evident. This is in agreement with the findings of Re
@2–4#.

In contrast to the results shown in Figs. 1–3, the treatm
of @5# leads to a completely different conclusion about t
importance ofpn pairing correlations. The method used b
@5# mixes upT50 andT51 channels of the interaction an
fixes the proton-neutron pairing gap. The solutions which
obtained in this way could lead to an abnormal enhancem
of the proton-neutron mixing, as we have seen from the
sults of our calculations.

In summary, the question of the magnitude of proto
neutron pairing correlations and their influence on the to
pairing energy and BCS occupation factors has been
cussed, in this work, by using apn BCS transformation. The
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results of this treatment show thatpn pairing in time-
reversed orbits does not seriously affect the properties
medium mass nuclei, except for very low values of the n
tron excessN2Z. However, no gain in energy is obtaine
for heavy mass nuclei~Te, Xe!. These results, for the nucle
which we have considered, are similar to the ones co
sponding to the exactly solvable model of@2#. The consis-
tency of the present approach was tested by using a bo
expansion technique. The agreement between the resul
@2# and the present ones, for a restricted configuration sp
was shown based on the results obtained by using this bo
expansion method. The effects of asymmetries in the pro
and neutron single-particle energies and the breaking of
isospin symmetry, by renormalization of the coupling co
stantsGnn , Gpp , andGpn , as well as a comparison betwee
BCS and shell-model results are studied in@13#.
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