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Effects due to temperature-dependent nuclear binding energies on the equation of state
for hot nuclear matter
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The influence of finite temperature nuclear effects upon the adiabatic index, for a system of nuclei, nu-
cleons, and leptons, is discussed. It is found that the inclusion of temperature-dependent nuclear binding
energies affects the behavior of the adiabats and of the adiabatic index, particularly, at low entropies.
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I. INTRODUCTION

The interest in the study of the equation of state (EOS)
for hot and dense matter has been motivated by the need
to set up limits on the stability of nuclear systems under
extreme conditions [1-8] and, more recently, by the ex-
ploration of the physics of supernoave [9,10]. The exist-
ing literature is very rich and we shall not review it here
[11]. Rather, we shall focus our attention on a very re-
stricted aspect of the problem, namely, on the study of
the influence of temperature-dependent nuclear structure
effects upon adiabats and upon the adiabatic index .
The relevance of adiabats and I'g in the physics of super-
novae has been emphasized by Bethe [11]. Numerical re-
sults, obtained by using different models, have been
presented by the Illinois group [Lamb-Lattimer-Pethick-
Ravenhall (LLPR)] and by Cooperstein [12], among oth-
ers. A common feature of the LLPR and Cooperstein ap-
proaches is the assumed quadratic temperature depen-
dence of the nuclear free energy. It is the aim of this pa-
per to show that the treatment of nuclear intrinsic
thermal excitations, starting from a realistic temperature
dependence of the nuclear liquid drop [13], could affect
the behavior of the adiabatic index. We have used the
formalism which has been presented in a previous paper
[14] and we have compared our results with the ones ob-
tained by Cooperstein [12] for low entropy values
(S =1,2) and with the results of LLPR for higher values
of the entropy (S =3). We have found that the behavior
of I'g, for the present case, qualitatively agrees with the
results of Ref. [12], at low entropies, and that the approx-
imations of Ref. [12] are indeed justified concerning the
temperature dependence of the nuclear structure com-
ponents of the calculations.

A brief review of the formalism is presented in Sec. II.
Results for the EOS of the system and related parameters
are shown and discussed in Sec. III. Conclusions are
drawn in Sec. IV.

II. FORMALISM

We shall briefly describe, in this section, the equations
which we have used to calculate adiabats,

T=T(n)lg, (1

and the adiabatic index I',
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where p is the pressure and » is the density for a system
with leptons, drip baryons, and nuclei at equilibrium at a
fixed temperature. Charge neutrality is assumed; the
fraction of leptons per baryons is given by Y, such that

n,+n,=Y, ng, (3)
where n, is the total electron/positron density
n = N(e )+N(e™)
e V ’
n, is the neutrino density, ny is the baryon density
__ N (neutrons)+ N(protons)
nB - V ’

and V is the (fixed) volume. The leptonic components are
described by a relativistic gas, with chemical potentials
. and p,, which are determined from the condition of 8
equilibrium with the baryon drip phase:

(5)

He + HMprotons = Hneutrons + Ky
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In the relativistic Fermi gas limit, the total electron
and neutrino number densities are given by
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The conservation of charge is given by the constraint
M =N ot0ns> and the number of protons is the sum of pro-
tons in the drip phase (n{™P) and in nuclei (Zn 4 ).
Therefore we can write for the number of protons the re-
lationship

(U +mT,), @)

(W3+mT?u,) . (8)
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n,= > Zn, 7+ n‘?rip , 9
A4,Z

1=V, 3 An, 4
4,z

where the factor in front of the drip term corresponds to
the excluded volume due to nuclei. The sum indicated by
A, Z goes over all nuclei on the stability line.

The conservation of the baryonic number is enforced
by a similar relation: namely,

ng= > An, 7+ (n;rlp+n;1inp),

A,Z

1—V0 2 AnA,Z
A,Z

(10)

which includes the neutron drip component, as well. The
transition of neutrons and protons from nuclei to a drip
phase is controlled by the balance equation

Buaz=BBz—2Zy,—(4—2Z)y, (11)

for each set of allowed values of N, Z, A (N+Z = A),
where B, , is the binding energy and y (g =p,n)
=pB(V,—u,). The quantities V, and p, are the one-body
potential and the Fermi energy, respectively, for neutrons
(g =n) and protons (¢ =p) in the drip phase and they are
obtained from the temperature-dependent plane-wave
limit of the Skyrme interactions (Sk*) [15]. The parame-
ter B is the inverse temperature (8=1/T), with the tem-
perature T given in units of MeV.

For the nuclear number density # 4 , corresponding to
a nucleus with 4 nucleons and Z protons, we have used
the expression

n gz ="M A42 S (27 +1)ePEGT) (12)
J
where
#J(J +1)
EJ,T)=———+E*(T 13
(J,T) 2% (T) (13)

is the rotational plus intrinsic energy of the nucleus at an-
gular momentum J and temperature 7. The factor A3/% is
the translational factor for a nucleus with mass M , ; and
E*(T) is the internal excitation energy. All quantities
entering in the definition of E (J,T) can be parametrized
in terms of well-known relationships between the level-
density parameter, the spin cutoff factor, and the moment
of inertia, ¥ at fixed temperature [16].

Details concerning the method which we have adopted
to solve the above introduced system of coupled equa-
tions can be found in our previous paper. For the sake of
completeness, let us briefly comment on the main steps of
the procedure, which are as follows.

(i) The total (global) baryon number density is external-
ly fixed. It is written in terms of baryons in nuclei and
baryons in a drip phase.

(ii) The total lepton number density is externally fixed,
assuming charge neutrality of the system. It includes
electrons, positrons, neutrinos, and antineutrinos.

(iii) The available volume, for baryons in the drip
phase, is obtained by including suitable “‘excluded volume
factors” which arise after taking into account the volume
occupied by nuclei.
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(iv) The dynamics of the drip phase is described by a
mean field which is built up by a two-body interaction of
the Skyrme Sk* type.

(v) Nuclear partition functions and nuclear mass distri-
butions are calculated by using a temperature-dependent
version of liquid drip expansion [13].

(vi) Leptons are described in the relativistic limit.

(vii) Changes of nuclear properties due to the presence
of a vapor phase are neglected.

Therefore, we shall discuss, in presenting the results,
the validity of the present approach concerning the range
of densities and temperatures where it can be applied.

With the above-mentioned approximations we have
computed the solution of balance equations of the usual
Saha type [17] for a class of nuclei along the stability line.

As mentioned before, intrinsic nuclear free energies are
described by a temperature-dependent liquid drop expan-
sion [13], and we have avoided the use of the Fermi gas
limit, which is not a good approximation for the low-
temperature—low-density regime which we have selected
for the present calculations. With these elements we
have computed adiabats from the definition of the total
free energy:

F= Fnuclear + Fdrip ( baryons )+ Fleptons (14)
and the entropy

_9F

S==%7|, -

(15)

The corresponding EOS is readily obtained from the
definition of the pressure:
o(F /n)
—2
= , 16
p=n‘—gy (16)

where n is the externally fixed global matter density.
With this value for p the adiabatic index I'g can be com-
puted.

III. RESULTS AND DISCUSSION

The equations which have been presented in the previ-
ous section have been solved for temperatures (7') up to
16 MeV and for global densities up to the nuclear matter
saturation density. The lepton fractional coefficient has
been fixed at the value Y¥;=0.3. This value is representa-
tive of conditions required by supernova models [11].

Nuclear masses 4 <18 (with N=Z), 20=< 4 <130,
and *“He nuclei have been included in the calculation of
nuclear partition functions. The parameters entering into
the definition of the nuclear level density have been taken
from Ref. [16]. The parameters of the Skyrme interac-
tion Sk*, used to describe the baryon drip phase, have
been taken from Ref. [15]. In calculating nuclear parti-
tion functions we have used two different approxima-
tions: namely, (a) by assuming that all nuclear states
above the cold yrast line of a given nucleus contribute to
the density of states and, (b) by assuming that nuclear
ground states are also dependent upon the externally
fixed value of the temperature. Approximation (a) will
then be referred to as a case with temperature-
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independent nuclear binding energies, while approxima-
tion and (b) will instead be referred to as a case with
temperature-dependent nuclear binding energies. In case
(a) the standard liquid drop model parametrization of nu-
clear ground-state energies has been adopted [18] while in
case (b) we have adopted the parametrization which has
been proposed in Ref. [13]. The meaning of all other ele-
ments of the present calculations is standard and it has
been explained in the previous work [14]. We have re-
stricted our calculations to low entropy values (S <3),
following the findings of Cooperstein [12] and Lattimer
et al. [5]. As we have said before we have focused our
attention on the following questions: (a) the validity of
the quadratic expansion of the nuclear free energy, as a
function of the temperature, as used by Cooperstein; (b)
the influence upon the equation of state of temperature-
dependent nuclear structure effects, such as the explicit
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FIG. 1. (a) Adiabatic index 'y as a function of the global
density n (fm™3). Entropy per baryon values (S) are indicated
on each curve. Dotted and dashed lines correspond to results
taken from Cooperstein [12] and Lattimer et al. [5], respective-
ly. Present results, for the calculations performed with con-
stant, i.e., temperature-independent, nuclear binding energies,
are indicated by solid lines. (b) Adiabatic index I"s as a function
of the global density » for different entropies (.S). These results
have been obtained by using temperature-dependent nuclear
binding energies in the nuclear partition function.
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consideration of the temperature-dependent liquid drop
model parametrization of Ref. [13]; (c) the influence of
nuclear mass distributions upon the equation of state.
Since we have not considered changes on nuclear proper-
ties induced by the presence of a nucleon vapor we shall
restrict to relatively low values of the global density,
below the value of the density corresponding to nuclear
saturation. In this respect the present calculation has the
same drawbacks as that of Cooperstein [12], but we
would like to emphasize that we are interested in qualita-
tive changes of the equation of state which can be attri-
buted to temperature-dependent nuclear structure effects.

Results corresponding to the adiabatic index I'g are
shown in Fig. 1. The comparison of the results which are
displayed in this figure shows the following features: (i)
the low-entropy—low-density sector of the curves shows a
reduction of I'g below the relativistic leptonic value
(Fg=4%); (ii) the Cooperstein approach [12] also leads to
a drastic increase above this value for densities below the
nuclear saturation density. Lattimer ez al. have reported
[5] a similar trend but for higher entropy values. Present
results, both for the temperature-independent and for the
temperature-dependent nuclear binding energies, are
somehow inbetween and they show a tendency to increase
the value of the adiabatic index but at larger densities.
Since the present approach cannot be extended to densi-
ties larger than the nuclear saturation density we cannot
really assume that an infall (I'y < %) will be followed by a
rebound (I'g > 4). At least we can safely say that, for the
low-entropy regimen, which is familiar to the supernovae
scenario of Bethe [11], temperature-dependent nuclear
structure effects influence the behavior of the adiabatic
index I'g. Particularly, the results which are displayed in
Fig. 1 show that the approximations of Cooperstein [12],
concerning the temperature dependence of the nuclear
free energy, are valid. The inclusion of temperature-
dependent nuclear binding energies helps in softening the
somehow drastic behavior of I'g reported in Ref. [12]. A
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FIG. 2. Pressure per baryon (total pressure minus lepton
pressure), in units of MeV, as a function of the global density n
for different entropies (S). Solid and dashed lines correspond to
present results obtained by using temperature-dependent and
temperature-independent nuclear binding energies, respectively.
Results taken from Cooperstein [12] are indicated with dotted
lines.
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FIG. 3. (a) Temperature (T) vs density (n) at constant entro-
py per baryon (S). Cooperstein [12] and Lattimer et al. [5] re-
sults are indicated by dotted and dashed lines, respectively.
Solid lines correspond to the present results obtained with
temperature-independent nuclear binding energies. (b) Temper-
ature vs density curves at constant entropy per baryon. Solid
lines correspond to present results obtained by using
temperature-dependent nuclear binding energies in the nuclear
partition function.

similar conclusion can be extracted from the results
which are shown in Fig. 2, where the contribution to the
total pressure due to baryons is displayed, as a function
of the global density. One can see from these curves that
the effect on the pressure due to baryons becomes impor-
tant at densities below and near the nuclear saturation

density, once the temperature dependence of the nuclear
binding energy is considered. Otherwise, the pressure
seems to be dominated by the leptons. Differences be-
tween Cooperstein [12] and the present results can also be
due to the inclusion of neutrinos in the leptonic phase.
The most significant result of the present approach is
shown in Fig. 3. While the relationship between temper-
ature and density at constant entropy looks very much
the same for different approximations, particularly at low
densities, the values which are obtained by using
temperature-dependent nuclear binding energies yield to
lower temperatures, at fixed density and entropy. It
means that the system can indeed acquire larger densities
at relatively low temperatures [T <6 MeV (S =2), T <3
MeV (S =1)] by a conventional mechanism based on the
transition of baryons from a nuclear to a drip phase.
This conventional mechanism could be the consideration
of excited configurations of the “cold” liquid drop, as in
the present case.

IV. CONCLUSIONS

We have presented an application of a previously re-
ported formalism [14] to treat temperature-dependent nu-
clear structure effects in the context of the equation of
state for hot nuclear matter. We have reported some re-
sults concerning the value of the adiabatic index I'g for
such a system. We have found that most of the previous-
ly discussed approximations [12] seem indeed justified, at
least qualitatively. The solution of Saha’s equations for a
system with leptons, drip baryons, and nuclei which are
treated including thermal excitations [13], leads to an
EOS with interesting features. Particularly, the behavior
of I'g shows a trend which is similar to the one required
by currently adopted supernovae models [11]. Also, the
present EOS results, for the temperature-dependent
liquid drop, leads.to cooler adiabats at high densities.
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