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A quantum system consisting of two subsystems isseparableif its density matrix can be written
as r ­

P
A wAr

0
A ≠ r

00
A, where r

0
A and r

00
A are density matrices for the two subsystems, and

positive weightswA satisfy
P

wA ­ 1. In this Letter, it is proved that a necessary condition
separability is that a matrix, obtained by partial transposition ofr, has only non-negative eigenvalue
Some examples show that this criterion is more sensitive than Bell’s inequality for detecting qu
inseparability. [S0031-9007(96)00911-8]

PACS numbers: 03.65.Bz, 03.65.Ca
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A striking quantum phenomenon is the inseparability
composite quantum systems. Its most famous examp
the violation of Bell’s inequality, which may be detecte
if two distant observers, who independentlymeasure
subsystems of a composite quantum system,report their
results to a common site where that information
analyzed [1]. However, even if Bell’s inequality i
satisfied by a given composite quantum system, th
is no guarantee that its state can beprepared by two
distant observers who receiveinstructionsfrom a common
source. For this to be possible, the density matrixr has
to be separable into a sum of direct products,

r ­
X
A

wAr0
A ≠ r00

A, (1)

where the positive weightswA satisfy
P

wA ­ 1, and
where r

0
A and r

00
A are density matrices for the tw

subsystems. A separable system always satisfies B
inequality, but the converse is not necessarily true
5]. In this Letter, I shall derive a simple algebraic te
which is a necessarycondition for the existence of th
decomposition (1). I shall then give some examp
showing that this criterion is more restrictive than Bel
inequality, or than thea-entropy inequality [6].

The derivation of this separability condition is be
done by writing the density matrix elements explicitl
with all their indices [1]. For example, Eq. (1) become
0031-9007y96y77(8)y1413(3)$10.00
is

e

’s

rmm,nn ­
X
A

wAsr0
Admn sr00

Admn . (2)

Latin indices refer to the first subsystem, Greek indic
to the second one (the subsystems may have diffe
dimensions). Note that this equation can always
satisfied if we replace the quantum density matrices
classical Liouville functions (and the discrete indices a
replaced by canonical variablesp and q). The reason
is that the only constraint that a Liouville function ha
to satisfy is being non-negative. On the other han
we want quantum density matrices to have non-nega
eigenvalues,rather than non-negative elements, and
latter condition is more difficult to satisfy.

Let us now define a new matrix,

smm,nn ; rnm,mn . (3)

The Latin indices ofr have been transposed, but not t
Greek ones. This is not a unitary transformation b
nevertheless, thes matrix is Hermitian. When Eq. (1)
is valid, we have

s ­
X
A

wAsr0
AdT ≠ r00

A. (4)

Since the transposed matricessr
0
AdT ; sr

0
Adp are non-

negative matrices with unit trace, they can also
legitimate density matrices. It follows thatnone of
© 1996 The American Physical Society 1413
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the eigenvalues ofs is negative. This is a necessar
condition for Eq. (1) to hold.

Note that the eigenvalues ofs are invariant unde
separate unitary transformations,U 0 andU 00, of the bases
used by the two observers. In such a case,r transforms
as

r °! sU 0 ≠ U 00drsU 0 ≠ U 00dy, (5)

and we then have

s °! sU 0T ≠ U 00dssU 0T ≠ U 00dy, (6)

which also is unitary transformation, leaving the eigenv
ues ofs invariant.

As an example, consider a pair of spin-1
2 particles

in a Werner state (an impure singlet), consisting o
single fraction x and a random fractions1 2 xd [7].
Note that the “random fraction”s1 2 xd also includes
singlets, mixed in equal proportions with the three trip
components. We have

rmm,nn ­ xSmm,nn 1 s1 2 xddmndmny4 , (7)

where the density matrix for a pure singlet is given by

S01,01 ­ S10,10 ­ 2S01,10 ­ 2S10,01 ­
1
2 , (8)

and all the other components ofS vanish. (The indices
0 and 1 refer to any two orthogonal states, such as “
and “down.”) A straightforward calculation shows th
s has three eigenvalues equal tos1 1 xdy4, and the
fourth eigenvalue iss1 2 3xdy4. This lowest eigenvalu
is positive if x ,

1
3 , and the separability criterion is the

fulfilled. This result may be compared with other criter
Bell’s inequality holds forx , 1y

p
2, and thea-entropic

inequality [6] for x , 1y
p

3. These are, therefore, muc
weaker tests for detecting inseparability than the condi
that was derived here.

In this particular case, it happens that this neces
condition is also a sufficient one. It is indeed kno
that if x ,

1
3 it is possible to writer as a mixture of

unentangled product states [8]. This result suggests
the necessary condition derived above (s has no negative
eigenvalue) might also be sufficient for anyr. Some time
after this Letter was submitted for publication, a pro
of this conjecture was indeed obtained [9] for compo
systems having dimensions2 3 2 and2 3 3. However,
for higher dimensions, the present necessary cond
was shownnot to be a sufficient one.

As a second example, consider a mixed state introdu
by Gisin [5]. With the present notations, it consis
of a fraction x of the pure stateaj01l 1 bj10l (with
jaj2 1 jbj2 ­ 1), and fractionss1 2 xdy2 of the pure
statesj00l andj11l. The nonvanishing elements ofr thus
1414
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are

r00,00 ­ r11,11 ­ s1 2 xdy2 , (9)

r01,01 ­ xjaj2, (10)

r10,10 ­ xjbj2, (11)

r01,10 ­ rp
10,01 ­ xabp. (12)

It is easily seen that thes matrix has a negative
determinant, and therefore a negative eigenvalue, whe

x . s1 1 2jabjd21. (13)

This is a lower limit than the one for a violation of Bell’
inequality, which requires [5]

x . f1 1 2jabj s
p

2 2 1dg21. (14)

An even more striking example is the mixture of
singlet and a maximally polarized pair:

rmm,nn ­ xSmm,nn 1 s1 2 xddm0dn0dm0dn0 . (15)

For any positivex, however small, this state is insepar
ble, becauses has a negative eigenvalues2xy2d. On the
other hand, the Horodecki criterion [10] gives a very ge
erous domain to the validity of Bell’s inequality:x # 0.8.

The weakness of Bell’s inequality as a test for inse
rability is attributable to the fact that the only use ma
of the density matrixr is for computing the probabilities
of the various outcomes of tests that may be perform
on the subsystems of asinglecomposite system. On th
other hand, an experimental verification of that inequa
necessitates the use ofmanycomposite systems, all pre
pared in the same way. However, if many such syste
are actually available, we may also test them collective
for example, two by two, or three by three, etc., rather th
one by one. If we do that, we must use, instead ofr (the
density matrix of a single system), anewdensity matrix,
which is r ≠ r, or r ≠ r ≠ r, in a higher-dimensiona
space. It then turns out that there are some density m
cesr that satisfy Bell’s inequality, but for whichr ≠ r,
or r ≠ r ≠ r, etc., violate that inequality [11].

This result raises a new question: Can we get stron
inseparability criteria by consideringr ≠ r, or higher
tensor products? It is easily seen that no further prog
can be achieved in this way. Ifr is separable as in
Eq. (1), so isr ≠ r. Moreover, the partly transpose
matrix corresponding tor ≠ r simply is s ≠ s, so that
if no eigenvalue ofs is negative, thens ≠ s too has no
negative eigenvalue.

I am grateful to R. Horodecki and R. Jozsa for pointi
out that Eq. (4) could be used instead of a long
derivation that appeared in an earlier version of t
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